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Abstract. A characterization of the support in Holder norm of the law of the solution to 
a stochastic wave equation with three-dimensional space variable is proved. The result is a 
consequence of an approximation theorem, in the convergence of probability, for a sequence 
of evolution equations driven by a family of regularizations of the driving noise. 
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1 Introduction 

In this paper we consider a stochastic wave equation with three-dimensional spatial variable, 
and we prove a characterization of the topological support of the law of the solution in a 
space of Holder continuous functions. 

We shall focus on the stochastic partial differential equation 

d 2 \ 

--2 -A)u(t,x) = a(u(t,x))M(t,x)+b(u(t,x)), 

u(0,x) = —u(0,x) = 0, (1.1) 

where A denotes the Laplacian on ]R 3 , T > is fixed, t £ ]0, T] and i£l 3 , The non-linear 
terms are defined by functions a, b : M. — > K. The notation M(t,x) refers to the formal 
derivative of a Gaussian random field white in the time variable and with a non-trivial 
covariance in space. More explicitely, on a complete probability space (0, G,¥) we consider 
a Gaussian process M = {M(ip),(p <E Cg°(M 1+3 )}, where Cg°(R 1+3 ) denotes the space of 
infinitely differentiable functions with compact support. We assume that E(M(ip)) = and 
that the covariance function of M is given by 

E(M(<p)M(i/,))= [ ds [ T{dx)L(s,-)*4>(s,-j)(x), (1.2) 

where "•*■" denotes the convolution operator in the spatial argument and ip(t, x) = ip(t, —x). 
We suppose that T is a measure on M 3 absolutely continuous with respect to the Lebesgue 
measure with density / given by 

/(*) = \x\-P, xeR 3 \{0}, /3G]0,2[. (1.3) 

Let iS(M 3 ) be the space of rapidly decreasing functions on M 3 . We denote by J- the Fourier 
transform operator defined by 



■Ftp{Q = / (f(x)exp(—2-Ki(£ i ■ x))dx, 



where the notation "•" stands for the Euclidean inner product. The covariance function 
(11.21) can also be written as 



roo p 

E(Mfa)MtyO) = ds M(d6)JVW(£W00(O> 

Jo Jwl 3 

where \x = J 7 " 1 /. 

We introduce the Hilbert space H. defined by the completion of <S(M 3 ) endowed with the 
semi-inner product 



Ju 3 
Assume that ip 6 % is a finite measure. Then \\4\ Lemma 12.12, page 162] gives 

|M& = C I |^(6| 2 |er (3_/9) ^ = C [ <p(dx)<p(dy)\x - y\-?dxdy, (1.4) 

JR 3 JR3 xR 3 



for some finite constant C. This identity extends easily to signed finite measures ip G "H, by 
using the decomposition into a difference of positive finite measures. We will apply (jl.4p to 
(p(dx) := G(t,dx)Z(t,x), where G(t,dx) is the fundamental solution to the wave equation 
(the definition is given later) and Z(t, x) is an a.s. finite random variable. 

The spaces % and H t := L 2 ([0,i]; H), t G]0,T], will play an important role throughout 
the paper. It is useful to introduce an isometric representation of theses spaces, as follows. 
Consider a complete orthonormal basis (e^jgpj C 5(M 3 ) of %. Then the mappings 

l-.n^f, l T :n T ^L 2 ([0,T];£ 2 ) 

defined by 

1(g) = ((3,e,)«) i6N5 T T (y){t) = (Mt,*),e,) w ) jeN , t G [0,T], 

respectively, are isometries. This provides an identification of H, Ht with £ 2 , L 2 ([0, T]; £ 2 ) , 
respectively. 

In a similar vein, the Gaussian process M admits a representation as a sequence (Wj(t),t G 
[0, T]) jG ^ of independent real- valued standard Brownian motions (see for instance [10j 
Proposition 2.5]). Indeed, this is given by the formula 

Wj(t) := M (l m ej) , jGN, t £ [0,T]. 

We refer the reader to [6] for a rigorous derivation of M (lr 0i iej) from the process M. 

Along with the probability space (Q,Q,F), we will consider the filtration {J : t)t&[Q,T\ 
generated by the process {Wj(t),j G N, t £ [0,T]}. 

Let G(t) be the fundamental solution to the wave equation in dimension three. It is 
well-known that G(t,dx) = j^.&t{dx), where at(x) denotes the uniform surface measure on 
the sphere of radius t with total mass Ant 2 (see [H]). We interpret (ll.ip as the evolution 
equation 

u(t,x)= / G(t- s,x-y)a(u(s,y))M(ds,dy) + [G(t- s,-)*b(u(s,-))](x)ds 
Jo Jm. 3 Jo 

(1.5) 

where the stochastic integral (also termed stochastic convolution) in (|1.5|) is defined as 

/ G(t-s,x-y)a(u(s,y))M(ds,dy) := V / (G(t - s,x - *)a(u(s, *)),ej)nWj(ds). 

o JlR 3 jeN J ° 

(1.6) 

The notation on the left-hand side of this identity suggests an integration with respect to 
the martingale measure derived from the Gaussian process M, as has been considered in (7j, 
while on the right-hand side, there is an ltd integral with respect to the infinite-dimensional 
Brownian motion W = (Wj,j G N). It follows from [IP} Propositions 2.6, 2.9] that if 
Y(t,x) := a(u(t,x)), (t,x) G [0, T] x ]R 3 , satisfies sup^wo^ixR 3 ^(l^(^ x )| 2 ) < °°> then 
both integrals coincide. 



Assume that the functions a and b are Lipschitz continuous. With the definition (jl.61) . 
Theorem 4.3 in [10] gives the existence and uniqueness of a random field solution to equation 
(|1.5|) satisfying sup/ t ]a; ) G [o,T]xR 3 E(|u(i,x)| p ) < oo, for any p € [l,oo[. This means a real- 
valued adapted stochastic process such that (|1.5p holds a.s. for all (t,x) G [0, T] x M 3 . In 
Theorem 15 .1\ we will give an extension of this result. 

In [9], Equation (|1.5p has been formulated using the stochastic integral introduced by 
Dalang and Mueller in [8j, and a theorem of existence and uniqueness of a random field 
solution is proved. Moreover, it is also established that the sample paths are almost surely 
Holder continuous jointly in (t,x), with degree p. For the particular covariance density 
2=£ 

u, 2 



given in (|1.3p . p <E 



Appealing to [TOj, Proposition 2.11], this property holds for 
the solution of (|1.5p with the choice of stochastic integral made in (|1.6p . More precisely, fix 
to £ [0>^1 an d a compact set if C K 3 . For any p G]0, 1[, and every real function g, set 

ii ii | /. m . \g(t,x) -g(t,x)\ 

\\g\\p,t ,K ■= sup \g(t,x)\+ sup -- — =— : -— . 

(t,x)<={t ,T]xK (t,x),(i,x)e[t ,T]xK U r — c| t p — a;|;^ 

We denote by C p ([to, T] x if) the space of real functions g such that ||g|| p ,t ,_ft; < oo. Then [9j 
Theorem 4.11] shows that, for any p € 0, — j- , ||it||p,i ,^K" < c a.s., where c is a finite random 
variable, a.s. This result tells us that the law of the solution of (jl.5p . when restricted to 



[t , T] x K, is a probability on C p ([t Q ,T] x if), with p G 



2-/3 
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The analysis of the topological support under different kinds of norms, like the supremum 
norm, Holder norm, weighted Sobolev norms, has been extensively studied for diffusion 
processes. As a representative sample of references, let us mention [19], [13], [1], [T2] . 
Inspired by [I], Millet and Sanz-Sole have introduced a method for the characterization 
of the support of a random vector based exclusively on approximations. For solutions to 
stochastic equations, such approximations entail regularizations of the noise. The paper [16] 
illustrates the suitability of the method by giving a very simplified proof of an extension of 
Stroock's support theorem for diffusions. Moreover, the method has also been successfully 
applied to several examples of stochastic partial differential equations, like a reduced wave 
equation with d = 1, a stochastic heat equation with d = 1 and a stochastic wave equation 
with d = 2 (see [15], [2] and [17], respectively). 

A motivation to study the support of a stochastic evolution equation lies in the analysis 
of the uniqueness of invariant measures. Recently, R. Cont and D. Fournie have proved 
results on functional Kolmogorov equations in the framework of a functional Ito calculus 
(see [5]). Assumptions concerning the support of some functionals play a crucial role in 
their results. This provides an additional reason for our work. 

In this paper, we apply the approximation method of [15] to obtain a characterization of 
the topological support of the law of u (the solution to fll.5|> ) in the Holder norm || • ||p,t 0) K- 
The core of the work consists of an approximation result for a family of equations more 
general than Equation (jl.5p by a sequence of pathwise evolution equations obtained by 
a smooth approximation of the driving process M. In finite dimensions, the celebrated 
Wong-Zakai approximations for diffusions in the supremum norm could be considered as 
an analogue. However there are two substantial differences, firstly the type of equation 



we consider in this paper is much more complex, and moreover we deal with a stronger 
topology. 

For the sake of completeness, we give a brief description of the procedure of [T3] in the 
particular context of this work, and refer the reader to [15] for further details. 

Let (Cl, Q, p,) be the canonical space of a standard real- valued Brownian motion on [0, T\. 
In the sequel, the reference probability space will be (Q,G,F) := (£F, Q m ,fl m ). By the 
preceding identification of M with (Wj,j G N), this is the canonical probability space of 
M. 

Assume that there exists a measurable mapping £1 : 1? f[0, T];^ ) — > C p ([t ,T] x K), 
and a sequence w n : $7 — > I? ([0, T]; £ 2 ) such that for every e > 0, 

hmP{||u-eiK)IU,x>e} = 0. (1.7) 



Then supp(u o P 1 ) c £i (L 2 ([0,T];^ 2 )), where the closure refers to the Holder norm 

II ' \\p,t ,K- 

Next, we assume that there exists a mapping £2 : L 2 ([0,T];^ 2 ) — > C p ([to,T] x K) and 
for any h G L 2 ([0, T]; ^ 2 ) , we suppose that there exist a sequence T„ : O — >• S7 of measurable 
transformations such that, for any n > 1, the probability Po(T^)" 1 is absolutely continuous 
with respect to P and, for any h G L 2 ([0, T]; I 2 ) , e > 0, 

lim p{||w(T n h ) -6Wllp.to.if < 4 > 0. (1.8) 



Then supp(w P" 1 ) D £ 2 (£ 2 ([0, T]; £ 2 )). 

For any h £ L 2 ([0, T]; ^ 2 ) (or equivalently, ft, G %t), consider the deterministic evolution 
equation 



^(t,x) = (G(i--,x-*M$ h (-,*)),/ 1 ) + / da[G(t-8,.)*(* h (s,-))](x). (1.9) 

x 1 tit J n 



Similarly as for u, the mapping (i, x) G [to,r] x K (->• & h (t,x) belongs to C p ([to,^] x K). 

Let £i(/i) = &2(/i) = ^ ft , and (w n ) n >i be given by (|2.1[) . From (J2.2J) and the isometric 
representation of % T , we see that w n : tt -> L 2 ([0,T];^ 2 ). Given /i G L 2 ([0,T];^ 2 ), we 
define 

T^(w)=o> + /i-w/\ (1.10) 

By Girsanov's theorem, the probability Po (T^)" 1 is absolutely continuous with respect to 
P. 

According to (jl.7p . f)1.8[) . the final objective is to prove that 



lim $ w " = u, lim u(T%) = $'■ 



in probability and with the Holder norm || • |Lt T- Then, by the preceding discussion 
we infer that the support of the law of u in the Holder norm is the closure of the set of 
functions {<& , h G Ht\ (see Theorem 13.11 for the rigorous statement). Notice that the 
characterization of the support does not depend on the approximating sequence (w n ) n £^. 

The paper is structured as follows. The next Section [2] is devoted to a general approx- 
imation result. This is the hard core of the work (see Theorem I2.2p . We postpone for a 



while a more extensive description of its content. Section [3] is devoted to the proof of the 
characterization of the support of u. It is a corollary of Theorem 12.21 Section U] is of tech- 
nical character. It is devoted to establish some auxiliary results which are needed in some 
proofs of Section [2j In Section [5] a theorem on existence and uniqueness of a random field 
solution for a quite general evolution equation is proved. It provides the rigorous setting 
for all the stochastic partial differential equations that appear in this paper. The section 
also contains two known but fundamental results used at some crucial parts of the proofs 
of Sections [2] and [3l 

We end this introduction with a more detailed description of Section [2] devoted to the 
proof of the approximation result (see Theorem 12. 2p . The method we use is similar as in 
|17j . where the case d = 2 was studied. Nevertheless, for d = 3 its implementation entails 
substantial differences and new difficulties. The reason for this is that the fundamental 
solution of the wave equation in dimension three is a measure and not a real- valued function, 
as in dimension two. 

As was formulated in [2], and further developed in |17j . there are two main elements in 
the proof of Theorem 12. 2t a control on the L p (0)-increments in time and in space of the 
processes X and X n , independently of n, and L P (Q) convergence of X n (t, x) to X(t, x), for 
any (t,x). The precise assertions are given in Theorem 12.31 and 12.41 respectively. 

For the sake of illustration, we sketch one of the difficulties encountered in the proof of 
Theorem 12.31 Consider either stochastic or pathwise integrals with integrands of the form 



[G(t — s, x — dy) — G(t — s,x — dy)] Z(s, y), < t < t < T, x, x € 



»3 



where Z(s, y) is a stochastic process. We want estimates of some norms of these expressions 
in terms of powers of the increments \t — t\, \x — x\. In dimension d = 2, G(t,dx) = 
G(t,x)dx and the problem is solved using direct computations on the function differences 
Git — s,x — y) — G(t — s, x — y). For d = 3, this approach fails. 

In [9] this problem was tackled by passing increments of the measure G to increments 
of Z, by means of a change of variables. We shall apply repeatedly this idea throughout 
the paper. However, there are some significant differences between the arguments in [9] 
and those used here. In [9], the formulation of Equation (|1.5p is based on Dalang-Mueller 
stochastic integral -a functional type integral in the spatial variable developed in [8]. Hence, 
pointwise arguments in the space variable are excluded. Instead we use fractional Sobolev 
norms and Sobolev's embedding theorem. Moreover, in [9] a regularization of the distribu- 
tion G is systematically used and final results are obtained by passing to the limit. With the 
selection of the stochastic integral given in (|1.6p it is not necessary to appeal to Sobolev's 
embedding theorem. Moreover, applying (|1.4p we avoid the regularization of G. There is 
yet another difference that deserves to be mentioned. In [9], non-null initial conditions were 
considered, while here uo = vo = 0. As a consequence, the random fields X n and X possess 
the stationary property described in Remark 12.11 This fact is frequently used in the proofs. 

For an Ito's stochastic differential equation, smoothing the noise leads to a Stratonovich 
(or pathwise) type integral, and the correction term between the two kinds of integrals 
appears naturally in the approximating scheme. In our setting, correction terms explode 
and therefore they must be avoided. Instead, a control on the growth of the regularized 
noise is used. This method was introduced in |17j and successfully applied here too. The 



control is achieved by introducing a localization in £1 (see (|2.1ip ). With this method, the 
convergence of the approximating sequence X n to X takes place in probability. 

Let us finally remark that using the method of the proof of Theorem (|2.3p , a different 
but simplified proof of [9j Theorem 4.11] in the particular case of null initial conditions can 
be provided. 

Throughout the paper, we shall often call different positive and finite constants by the 
same notation, even if they differ from one place to another. 

2 Approximations of the wave equation 



Consider smooth approximations of W defined as follows. Fix n € N and consider the 
partition of [0, T] determined by |h-, i = 0, 1, . . . , 2 n . Denote by A, the interval [|£, ^ 2 J [ 
and by |Aj| its length. We write Wj(Ai) for the increment Wj ( 2 J ) — Wj(^), i = 
0, . . . , 2 n — 1, j £ N. Define differentiable approximations of (Wj, j G N) as follows: 



W n = (V™ = f W?(s)ds,j e NJ , 

where for j > n, WJ 1 = 0, and for 1 < j < n, 

r E£o 1 2 n r- 1 W ? (A i )l Ai+1 (t) Xt€[2-"T,T\, 

if t e [0, 2~ n T[. 



W?(t) 



Set 

w n (t,x) = ^WJ l (t)e J (x). (2.1) 

It is easy to check that, for any p € [2, oo[, 

\\w n \\ LP ^ HT) <Cn l l 2 2 n l\ (2.2) 

In particular, from (|2.2p it follows that w n belongs to "Hj- a.s. 
In this section, we shall consider the equations 

X(t,x)= j [ G(t-s,x-y)(A + B)(X(s,y))M(ds,dy) 
Jo Jr 3 

+ ( G(f _ . s x _ *)£)(X(-, *)), /»>% + / [G(t - a, ■) • 6(X( S , •))] (x)ds, (2.3) 



X n (t,x)= / / G(t-s,x-y)A(X n (s,y))M(ds,dy) 
Jo Jk. 3 

+ (G(t -;X- *)B(X n (; *)), W n ) Ht + (G(t - -, X - *)D{X n (; *)),h) Ht 

+ I [G(t-s,-)*b(X n ( S ,-)))(x)ds, (2.4) 

JO 



where n G N, h G H T , w n defined as in (|2JJ) and ,4, B, D, b : R ->• R. 

Moreover, we also need the slight modification of these equations defined by 

X-(t,x)= f n I G(t-s,x-y)A(X n (s,y))M(ds,dy) 

Jo Jr3 

+ ( G (t --,x- *)B(X n (;*))l [0ttn] (.),w n ) Ht (2.5) 

+ ( G (t -;X- *)D(X n (; *))l [0 , tn] (-),h) Ht 

f-tn 

+ / [G(t-s,-)*b(X n (s,-))](x)ds, (2.6) 

Jo 

X(t,t n ,x) = r [ G(t - s,x - y)(A + B)(X(s,y))M(ds,dy) 
Jo Jm. 3 

+ (G(t-;X-*)D(X(;*))l [0M (.),h) Ht 

f-tn 

+ [G(t-s,-)*b(X( 8 ,-)j\(x)ds, (2.7) 

Jo 

where for any n G N, t € [0, T],t n = max{t n - 2~ n T, 0}, with 

t n = max {k2~ n T, k = 1, . . . , 2 n - 1 : k2~ n T < t} . (2.8) 

We will consider the following assumption 
Hypothesis (B): The coefficients A, B, D, b : R i— > M are globally Lipschitz continuous. 

Notice that Equation (|2.4p is more general than f|2.3|) and (jl.5p . In Theorem 15.11 we 
prove a result on existence and uniqueness of a random field solution to a class of SPDEs 
which applies to Equation (|2.4p . 



Remark 2.1. As a consequence of Remark \5.2\ we have the following translation invariance 
of moments: 

E(\X(t,x- y-z)- X(t,y- z)\P) =E(\X(t,x- y) - X(t,y)\*) , 
E(\X n (t,x- y-z)- X n (t,y- z)\ p ) =E(\X n (t,x- y) - X n (t,y)\ p ) , (2.9) 

for any x,y,z G R 3 and any p G [l,oo[. Consequently, a similar property also holds for 
X~(t,*) and X n (t,t n ,*) defined in (|2.5p . (j2.7|) . respectively 

The aim of this section is to prove the following theorem. 

Theorem 2.2. We assume Hypothesis (B). Fix to > and a compact set if C I 3 . Then 
for any p G ] 0, — ^- [ and A > 0, 

lim F(\\X n -X\\ p , to ,K>\) = 0. (2.10) 



n— >oo 



The convergence (|2.10p will be proved through several steps. The main ingredients 
are local LP estimates of increments of X n and X, in time and in space, and a local LP 
convergence of the sequence X n (t,x) to X(t, x). 

7 



Let us describe the localization procedure (see [H]). Fbc ct > 0. For any integer n > 1 
and £ € [0, T], define 



L n (t) = < sup sup \Wj(Ai)\ < an 1/2 2~ n/2 

[l<j<n 0<i<[2"tT- 1 -l] + 



(2.11) 



Notice that the sets L n (t) decrease with t > 0. Moreover, in Lemma 2.1 [T7] it is proved 
that if a < (21n2) 1 / 2 , then lim n ^. 00 P(L n (i) c ) = 0. It is easy to check that 



\\w n (t,*)l Ln{t) \\ H <Cn2 n / 2 . 
Moreover, for any < t < t! < T 

|F l L n (t')Mt,t']\\ nT <Cnl \t -t\ . 
In particular, if [t, t'] C Aj for some i = 0, . . . , 2" — 1, then 

IKil,^') 1 !*,*']!!^ ^ Cn - 



(2.12) 



(2.13) 



As has been announced in the Introduction, the proof of Theorem 12.21 will follow from 
Theorems 12.31 and 12.41 below. We denote by || • |L the L P (Q) norm. 

Theorem 2.3. We assume Hypothesis (B). Fix to G]0,T[ and a compact subset K C M 3 . 
Let to < t < t < T, x,x £ K . Then, for any p G [1, oo), there exists a positive constant C 
such that 



sup 

n>\ 



X n (t,x) - X n (t,x) 



L n (t) 



<C[\t-t\ + \x - x\ 



(2.14) 



for any p€J0,^ [. 



Theorem 2.4. The assumptions are the same as in Theorem \2.3\ Fix t £ [£o,T], x £ 
Then, for any p € [1, oo) 



lim sup \\(X n (t,x)-X(t,x))l L u)\\ p 

n^oo te[t ,T] 

x£K(t) 



0. 



(2.15) 



where for t G [0, T], 



K(t) = {xeR 3 : d{x, K) <T- t}, 
and d denotes the Euclidean distance. 

The proof of Theorem 12.31 is carried out through two steps. Firstly, we shall consider 
t = i and obtain (|2.14p . uniformly in t G [io>^1- Using this, we will consider x = x and 
establish (|2.14j) . uniformly in x G K. We devote the next two subsections to the proof of 
these results. 



2.1 Increments in space 

Throughout this section, we fix to S]0, T[ and a compact set K C M 3 . The objective is to 
prove the following Proposition. 

Proposition 2.5. Suppose that hypothesis (B) holds. Fix t £ [ioj^l an d x,x £ K. Then, 
for any p € [1, oo) there exists a finite constant C such that 



sup sup \\(X n (t,x)-X n (t,x))l Ln (t ) \\ p <C\x 



n>Ote[to,T\ 



(2.16) 



where p £ ]0, —^- [. 



In the next Lemma, we give an abstract result that will be used throughout the proofs. 
We start by introducing some notation. 



For a function / : 



wc set 



Df(u,x)=f(u + x)-f(u), 
D 2 f(u, x, y) = f(u + x + y)- f(u + x) - f(u + y) + f(u), 
D 2 f(u, x) = D 2 f(u - x, x, x) = f(u -x)- 2/(u) + f(u + x). 



Lemma 2.6. Consider a sequence of predictable stochastic processes {Z n (t,x),(t,x) €. 
[0, T] x M 3 }, n e N, such that, for any p <E [2, oo[, 



sup sup E(\Z n (t,x)\ p ) < C, 

n (t,x)e[0,T]xM. 3 
for some finite constant C. For any t E [0, T], x,x € M 3 , we define 

I n (t,x,x) := / ds\\Z n (s, *)[G(t — s,x — *) — G(t — s,x 
Jo 

Then, for any p € [2, oo[, 
E (\l n (t,x,x 

<c\ \x - x^i 2 + r ds 



\u- 



IP/2 



+ \x - x\ aip/2 i ds 
Jo 



supE(\Z n (s,x-y) - Z n (s,x-y)\ ) 

yGM 3 

1/2 

sup E (\Z n (s,x- y) - Z n (s,x - y)\ p ) 



(2.17) 



(2.18) 



where a\ e]0, (2 - /3) A 1[ and a 2 e]0, (2 - /3)[. 

Proof. First we notice that I n (t,x,x) is the second order moment of the stochastic integral 

r-t r 

Z n (s,y)[G(t - s,x-y) - G(t - s,x - y)]M(ds,dy). 



We write I n (t,x,x) using (|1.4j) . This yields 

I n (t,x,x) = ds / Z n (s,u)Z n (s,v)[G(t — s, x — du) — G(t — s,x — du)] 

Jo Jm. 3 Jm. 3 

x [G(t — s,x — dv) - G(t — s,x — dv)]\u — v| _/3 . 

Then, as in [9] pages 19-20, we see that, by decomposing this expression into the sum of 
four integrals, by applying a change of variables and rearranging terms, we have 

4 

i n [t, x, x) = y jj [x, x), 

i=l 

where, for i = 1, . . . , 4, 

ct 



Jj(x,x)= I ds J J G(s,du)G(s,dv)hi(x,x;t,s,u,v) 



with 



h\(x, x ; t, s,u,v) = f(x — x + v — u)[Z n (t — s,x — u) — Z n (t — s,x — u)] 
x [Z n (t - s,x - v) - Z n (t- s,x - v)), 

fi2(x, x ;t,s, u, v) = Df(v — u, x — x) Z n (t — s,x — u) 

x [Z n (t - s,x - v) - Z n (t - s,x - v)], 

h%{x, x;t,s, u, v) = Df(v — u, x — x) Z n (t — s, x — v) 

x [Z n (t — s,x — u) — Z n (t — s,x — u)], 

h±{x,x ; t, s,u,v) = —D 2 f(v — u,x — x) Z n (t — s,x — u)Z n (t — s,x — v). 

Fix p G [2, oof. It holds that 

4 

E(\I n (t,x,x)^ 2 ) < C^E(|J*(x,x)r/ 2 ). (2.19) 

The next purpose is to obtain estimates for each term on the right hand-side of (|2.19p . Let 

fii(x,x) = sup / / G(s,du)G(s,dv)f(x — x + v — u). 
se[o,T\ Jm. 3 Jm 3 

We recall that the inverse Fourier transform of f(x) = \xf is given by p,(d£) = \C\~ d^, 

a(2irt\i 

2tt|£| 



and that FG(t, *)(£) = ™£ffi } ■ Hence > 



G(s,du)G(s,dv)f(x-x + v-u)< f \TG(s,*)(0\ 2 KdO= I ^Sf ^ 

J9 3 Jm 3 4tH|£| 5 p 

Consequently, for any j3 e]0, 2[, swp xi p,i{x,x) < oo (see [9] for a similar result). 

Hence using firstly Holder's inequality and then Cauchy-Schwarz' inequality we see that 

K(\Jl(x,x)f 2 ) 
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2 1 



I ds / G(s,du)G(s,dv)f(x — x + v — u) 
Jo Jr 3 Jr 3 

x ds / G(s,du)G(s,dv)f(x — x + v — u) 
Jo Jr 3 Jr 3 



p/2n 



x EI [Z n (£ — s,x — u) — Z n (t — s, x — u)][Z n (t — s, x — v) — Z n (t — s, x — v)] J 

P 

< Csup/ii(x,x)2 



x / ds sup EI Z n (t — s,x — y) — Z n (t — s,x — y) J 
Jo y&R 3 ^ ' 

<C ds sup E( Z n (s,x -y) - Z n (s,x-y) V 

Jo vGR 3 V J 



Set 



fi2{x,x) = sup / / G(s, du)G(s,dv)\Df(v — u, x — x)\. 
se[o,T] Jr 3 Jr 3 

The following property holds. There exists a positive finite constant C such that 

fj, 2 (x,x) < C\x-x\ a \ ai e]0, (2 - p) A 1[. 
Indeed, this follows from a slight modification of the proof of [9J Lemma 6.1]. 



(2.20) 
(2.21) 



Using Holder's and Cauchy-Schwarz 


's inequalities, alone with (|2.17p. we 


have 


E(\J t 2 (x,x)\ p / 2 )<C ( [ ds [ [ G(s,du)G{s,dv)\Df(v-u,x-x)\) 
\Jo Jr 3 Jr 3 J 


x ds / G(s,du)G(s,dv) \Df(v — u, x — x)\ 

Jo Jr 3 Jr 3 


xe( 


Z n {t — s,x — u)[Z n (t — s,x — v) — Z n {t — s,x — v)] 


P/2\ 


< C\x - x\ aip / 2 [ ds 
Jo 


supfi( 

y€.R 3 ^ 


Z n (s, x-y) - Z n (s, x-y) 


') 


1/2 


withoi e]0, (2-/3) Al[. 


Similarly, 













, (2.22) 



E(\4(x,x)\ p / 2 )<C\x-xr p / 2 f ds supEf Z n (s,x-y)-Z n (s,x-y) P ) 

Jo y£R 3 V ' 



1/2 



, (2.23) 



withai e]0, (2-/3) A 1[. 
Let 



/j.4{x,x) = sup 
se[o,T] 



G(s,du)G(s,dv)\D f(v — u,x — x)\. 

Following the arguments of the proof of Lemma 6.2 in [9], we see that, for any a% G]0, (2— /3)[, 

/X4(x, x) < C|x — x\ a2 . 
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Then, Holder's and Cauchy-Schwarz's inequalities, along with (|2.17p . imply 



(v — u.x — x) 



E(\Jl(x,x)\ p / 2 ) <C( [ ds [ [ G{s,du)G(s,dv)\D 2 f(i 

\Jo Jm.3 J R 3 

x I ds I I G(s,du)G(s,dv)\D 2 f(v-u,x-x)\ 
Jo Jm. 3 Jm. 3 

( p/2 \ 

xE Z n (t — s,x — u)Z n (t — s,x — v) ) 

<C\x-x\ a2 2 J ds sup E( Z n (t-s,y) P ) 

JO r/GlR 3 ^ ' 



a.2P 
< C\x -X\ 2 . 



(2.24) 



□ 



1 



L n (t) h 



Prom (I2TT9]) . (|230|) . ([232]) . ([233]) and (|2^|l . we obtain ([2T8]) . 

For any £ 6 [to, T], x, x E K, p E [1, oof, we set 

X n (t,x) - X n (t,x) 

<p~j,(t,x,x) = e( X~(t,s) -X"(i,x) 
ip n , p (t,x,x) = ip1(t,x,x) + tp~(t,x,x). 

Proposition 12.51 is a consequence of the following Proposition. 

Proposition 2.7. XTie hypotheses are the same as in Proposition \2.b\ Fix t E [ioj^l; 
x,x £ K. Then, for any p E [1, oof, 



1 



L n (t) I) 



sup <p n ,p(t, x, x) < C\x — x\ 

n>0 



m> 



(2.25) 



where p E 



' 2 



The proof of this proposition relies on the next lemma and a version of Gronwall's lemma 
quoted in Lemma [ 



Lemma 2.8. We assume the same hypotheses as in Proposition \2.h\ For any n > 1, 
t E [to,T], x,x E K , p E [2, oof, there exist a finite constant C (not depending on n) such 
that 



(p n Jt,x,x) < C 



f n + \x-x\ 2 

+ \x — x| ai 2 / ds 
Jo 



v I 

- + / ds(tp n>p (s,x, 
Jo 



x)) 



1/2 



<p° (s,x,x) + cp Js,x,x) 



1/2 



(2.26) 



where (f n ,n > 1) is a sequence of real numbers which converges to zero as n — \ oo, a\ E 

[0,(2-/3Al)[, a 2 E]0,2-/3[. 
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We postpone the proof of this Lemma to the end of this section. 
Proof of Proposition 12.71 

Fix t 6 [to,r], x, x E K, p G [2,oo[. From Lemma 12.81 along with Jensen's inequality, 
we have 



tp n>p (t,x,x) < C\ f n + \x-x\ a2P + / ds(<p n>p (s,x,x)Y 



f|x-x| Qip / ds 
>o 



1/2 



fn,p{s,X,x) + ip np ( S ,X,x) 



1/2 



<C\f 2 + \x-x\ a2P + / ds(<p n , p (s,x,x)) 



+ \x - x\ aiP ds((f n , p (s,x,x))> . 
Since the sequence (/ n , n > 1) is bounded, there exists a constant Co satisfying 
sup/2 < Coto < Co t<C [ ds[l + ((^ n , p (s,x,x)) 2 ] 

n JO 

for any £ € [to,T]. Thus, for some positive constant C, 



l + Pn,p(t,X, x) < Cl \x - x\ a2P + / ds 1 + ((p n)P (s,X,x)) 



+ \x — x\ 



np / ds [l + (p n)P (s,x,: 
Jo 



n2iV2 



We apply Lemma 15.31 in the following particular situation: 
u (t) = ip n>p (t, x, x) 2 + 1, a = C\x - x\ a2P , b(s) = C, k(s) = C\x - x\ aip , p = q = \, a = 0, 
j3 = T. This yields 



ip n , p {t,x,x) 2 + 1 < C [\x - x\ 2aip + 



x — X 



«2P 



which trivially implies 



ip np (t,x,x) < C 



x — x\ aip + \x — x\ 2 



(2.27) 



We remind that a x G]0, (2-/3) A 1[ and a 2 G]0, (2-/3)[. Therefore, (p^TD implies (p^5l) . 
This ends the proof of Proposition 12.71 

□ 
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Proof of Lemma 12.81 

Fix p G [2, oo[. From (|2.4p . we have the following: 



y 5 



l p (t,x,x) :=E(\X n (t,x) - X n (t,x)\n Ln{t) ) <Cj2K(t,x,: 



i=l 



with 




lt n [t, X, X) 


= E 


*ViV"> ^i x ) 


= E 


lt n [t, X, X) 


= E 


^nri x i x ) 


= E 


%ri ^) •£) 


= E 



[G(t -s,x-y)-G(t-s,x- y)]A(X n (s, y))M{ds, dy) 



(\{[G(t -.,x-*)-G(t-;X- *)]B(X~ (;*)), W n ) Ht \ P l Ln{t) y 

[G(t -., x -*)-G(t->,x- *)][B(X n ) - B(X-)](-,*),w n 



l L n (t) 



Hi 



l L n (t) 



( ([G(t -;X-*)-G(t-;X- *)]D(X n (; *)), h) 



Hi 



y L n {t) 



[G(t-s,x-dy) - G(t - s,x - dy)]b(X n (s,y))ds i Ln(i) 

/O JWL 3 

Using Burkholder's inequality and then Plancherel's identity, we have 

R l n (t,x,x)=K( [ [ [G(t- S ,x-y)-G(t-s,x-y)]A(X n (s,y))M(ds,dy) 
V Jo Jr 3 

J2 f ([G(t-s,x-*)-G(t-s,x-*)]A(X n (s,*)),e k (*)) dW 3 {s) 

I ds J2 l(t G ( f -s,x-*)-G(t-s,x- *)]A(X n (s,*)),e k (*) 
Jo tZ lx 



l L n (t) 



E 



< CE 



l L n {t) 



CE 



ds 



[G(t -s,x-*)-G(t-s,x- *)] A(X n (s, *)) 



H 



l L n (s) 



H 
p/2 



l L n (s) 



p/2 



(2.28) 



The process {Z n (t,x) := A(X n (t,x))l Ln ^,(t,x) € [0,T] x M 3 } satisfies the assumption 
(|2.17p . Indeed, this is a consequence of the linear growth of A and (|4.9|) . Then, by applying 
lemma [2761 and using the Lipschitz continuity of A, we obtain 



Rl(t,x,x) < CI \x -x\ a ' 2 2 + / ds supE( X n (s,x -y) - X n (s,x -y) 

Jo |_yeiR 3 ^ 

p E( X n (s,x-y) -X n (s,x-y) 

B3 V 



l L n (s) 



+ \x-x\ aip/2 / ds 
Jo 



l L n (s) 



(2.29) 



with ai e]0, (2 - /3) A 1[ and a 2 G]0, (2 - /3)[. 

For a given function p: [0,T]xI 3 ->R and t € [0, T], let r n be the operator defined by 



l (p)=p((s + 2~ n )At,x). 



(2.30) 
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Let £ n be the closed subspace of Ht generated by the orthonormal system 

2 n T- 1 l Ai (-)®e i (*), i = 0,...,2"-l, j = l,...,n, 

and denote by ir n the orthogonal projection on £ n . Notice that ir n or n is a bounded operator 
on Ht, uniformly in n. 

Since X~(s, *) is .F Sn -measurable, by using the definition of w n we easily see that 

R 2 n (t,X,x)=E[ [ I ( 7rn OT n )([G(t-;X-*)-G(t-;X-*)} 

V Jo Jm. 3 
xB(X-(.,*)))(s,y)M(ds,dy)\ p l Ln{s) ). 

By Burkholder's inequality and the properties of the operator 7r n o r n , this last expression 
is bounded up to a constant by 



e(|&| {[G(t - s, x - *) - G(t - s, x - *)]B(X~ (s, *))) 1^ l Ln{s) } 



p/2 



The properties of the function i? along with (|4.9|) imply that the process {Z n (t,x) : = 
B(X~(t, x))li n M, (t,x) € [0,T] x M 3 } satisfies the hypotheses of Lemma [2T6l This yields 



Rl(t,x,x) <C< \x-x\ a2p/2 + J ds supEf X-(s,x-y)-X~(s,x-y) 

[ JO [yeR 3 ^ 



L L„( 5 ) 



otip f l 

+ \x — x\ 2 / ds 
Jo 



sup E 

>3 



x n ( s > x-y)- X n (s, x-y) 



l L n {s) 



1/2' 



(2.31) 



where as before, ol\ g]0, (2 — /3) A 1[ and a 2 e]0, (2 - /?)[. 
Cauchy-Schwarz's inequality along with (|2.12p yield 



i? 3 (t,x,x) <Cn p 2 np / 2 

xEjl ds [G(£ - s, a? - *) - G(t - s, x - *)] 

x[B(X n )-B(X-)](s,*)l Ln{s) 



p/2 



Notice that an upper bound for the second factor on the right-hand side of the pre- 
ceding inequality could be obtained using Lemma 12.61 with Z n (t,x) := [B(X n (t,x)) — 
B(X~(t,x))]lL n (t). However, this would not be a good strategy to compensate the first fac- 
tor (which explodes when n — > oo). Instead, we will try to quantify the discrepancy between 
B(X n (t,x)) and B(X~(t,x)). This can be achieved by transferring again the increments of 
the Green function to increments of the process 

B(X n (t,x)) = [B(X n (t,x))-B(X~(t,x))}, (2.32) 

in the same manner as we did in the proof of Lemma 12.61 (see [9], pages 19-20). 
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Indeed, similarly as in (|2.19p we obtain 



R 3 n (t,x,x) < Cn?2 n r/ 2 J2n\KKx,x)\ p/2 lL n (t)), 



(2.33) 



j=i 



where for any i = 1, . . . ,4, Kj(x, x) is given by Jj(x, x) of Lemma 12.61 with Z n replaced by 
B(X n ). 

Using Remark 12. H we have 

E(\X n (t,x-y)-X n (t,x-y)\n Ln{t) )=E^X n (t,x)-X n (t,x)\ P l Ln{t) y (2.34) 



With this property and the definition of B{X n ) given in (|2.32|) . we easily get 

v 



E 



B(X n (s, x-y))- B(X n (s, x - y)) 
<c[w.(\x n (s,x-y)-X-(s,x-y) 



L n {s) 

V 



1 



L n {s) 



+E 



X n (s, x - y) - X n (s, x - y) 



1 



L„(s) 



< Cn p 2" rip(3 - /3)/2 , 



(2.35) 



uniformly in (s,x,y) € [0,T] x M 3 x K 3 , where the last bound is obtained by using (|4.10p . 
This estimate will be applied to the study of the right hand-side of (|2.33[) . 

For i = 1, (|2T20j) with Z n (s,y) := B(X n (s,y))l Ln{s) , along with fp735]) yields 



n\K\(x,x)\ p ' 2 l Ln{t) ) < Cnn~ n ^-^\ 
Let /i2(x,x) be as in (I2.2ip . Since x,x £ K, and K is bounded, 

sup fi2(x,x) < C, 

x,xdK 



(2.36) 



for some finite constant C > 0. Hence, (|2.22p . (J2.23P (with the same choice of Z n as before) 
together with (J2.35P gives 



E(\Ki(x,xW/ 2 l Ln{t) )+E(\Ki(x,x)\P/ 2 l Ln{t) ) < Cnn-^-?l 2 \ (2.37) 

Proceeding as in (|2.24p . but replacing Z n (s,y) by B(X n (s,y))lL n ^, we obtain 



p 

l Q 2n 



E(\Kl(x,x)\ p/2 l Ln{t) ) <C\x-x\ a2 2 I ds sup E 

JO yGR 3 

By the definition of B(X n ), and applying (I4.10p . we have 



B(X n (s,y)) 



V L n (s) 



sup E 

(s,j/)6[0,T]xK3 



B(X n (s,y))\ P l Lnis) ) <Cnn- n ^-?)l\ 



Thus, 



E(\Ki(x,xW/ 2 l Ln{t) )<Cn?2 



-np(3-/3)/2 



(2.38) 
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Putting together (12331) and ([2T36l) - ([238l ) yields 

Rl(t,x,x)<Cf n , 



(2.39) 



where f n = r^-^ 3 "/ 3 )/ 2 " 1 /^ Since g]0, 2[, lim^oo / n = 0. 

The last part of the proof consists of getting estimates for the term R^{t, x,x). This 
is done using first Cauchy-Schwarz's inequality and then, applying Lemma 12.61 with Z n 
replaced by D{X n ) l^ n . The Lipschitz continuity of D along with the estimate (|4.9p ensure 
that assumption (|2.17p is satisfied. We obtain 

<(t,x,x)<||/ l ||^E(|||[G(t--,x-*)-G(t--,x-*)]D(X n ,(.,*))l L , i(t) ||^| P/2 ) 



< C { \x-x 



2+/ ds sup E( X n (s,x -y) - X n (s,x - y) 

Jo yem. 3 v 

2 ds sup E( X n (s,x -y) -X n (s,x - y) 
Jo yeM. 3 v 



1/2 ' 



+|x-xr 1 2 / ^ 



where «i e]0, (2 - /3) A 1[ and a 2 G]0, (2 - /3)[. 

After having applied the change of variable u t—t x — x + y, we have 



}, (2-40) 



Rl(t,x,x) = E 



G(i - s, x - dy)[6(X„(s, y)) - 6(X n (s, y - x + x))]ds 



l L n (t) 



Applying Holder's inequality, we obtain 

Rl(t,x,x) < ( / G(t- s,x-dy)ds 

\Jo Jr 3 j 

x / / G(t-s,x-dy)E(b(X n {s,y))-b(X n (s,y-x + x)) P l Ln{s )ds 

a ./n>3 >■ ' 



<Cds sup E ( X n (s, x -y) - X n (s, x - y) 

Jo veR 3 v 



1 



in(s) 



(2.41) 



'0 J/6B 

Bringing together the inequalities (12391 . (I2~3B . (l2~39l . (EEIO! and (jZJTJ , yields 

E(\X n (t,x) - x n (t,x)\n Lnit) ) 

<C<f n + \x-x\ a2 2+ ds sup E( X n {s,x-y) -X n {s,x-y) 1l„(s)) 
[ Jo \y<m. 3 v 

2 / (is sup El X n (s,x-y) - X n (s,a;-y) l Ln(s) 

JO [yeM 3 V 

/ ds sup E( X~(s,x-y) -X~(s,x - y) 
Jo v&R 3 v 



+ \x — x\ 



+ / ds 



1/2 



L i»W 
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+ \x — x\ 



2 ds sup E( X n (s,x -y) - X n (s,x-y) 

JO y£M 3 v 



l L n (s) 



1/2' 



By Remark 12. 11 the right-hand side of this inequality is equal (up to a constant) to 



f n +\x-x\ a2 ?+ i E^X n ( S ,x)-X n (s,x) 



1 L n (s))ds 



+ / E 
Jo 



X n (s, x) - X n (s, x] 

t 



1 L n (s)\ds 



+ \X — X x 2 



+ \x — xr 2 



ii 



E 



E 



X n (s,x) - X n (s,x) 



X n (s, x) - X n (s, x) 



l L n (s) 



l L n (s) 



1/2 



ds 



1/2 



ds. 



With this, we see that (pn, p {t,x,x) is bounded by the right-hand side of (12.26J) , 

Finally, we prove that the same bound holds for ip~ p (t,x,x) too. Indeed, For every 
i = 1, . . . , 5, we consider the terms R l n (t, x, x) defined in the first part of the proof, and we 
replace the domain of integration of the time variable s ([0,t]) by [0, t n ]. We denote the 
corresponding new expressions by <S^(£,x,x). From (|2.5p . we obtain the following 



r, 



p (t,x,x) < C 2 ;S n (t, 



i=l 



Since t n < t, it can be checked that, similarly as for R l n (t, x, x), S l n (t, x,x), i = 1, . . . , 5, are 
bounded by (l2T29|) . (|23T|) . (12391) . (12^01) . (|2^T|) . respectively. This ends the proof of the 
Lemma. □ 



2.2 Increments in time 

Throughout this section, we fix to G]0,T], and a compact set K C K 3 . We shall prove the 
following Proposition. 

Proposition 2.9. Assume that Hypothesis (B) holds. Fix t,i € [ioi^l- Then for any 
p € [l,oo) ; there exists a finite constant C such that 



sup sup \\(X n (t,x)) - X n (t,x))l Ln{r) \\ p < C\t-t\ p , 

n>l x£K 



(2.42) 



where pe]0, ±±$[. 



The next lemma is meant to play a similar role than Lemma 12.61 but in this case, for 
integrals containing increments in time of the Green function G{t). 

Lemma 2.10. Consider a sequence of stochastic processes {D n (t,x),(t,x) £ [0,T] x M 3 }, 
n > 1, satisfying the following conditions: for any p € [2, oo[, 



sup sup E(\D n {t,x)\ p ) < C, 
n (t,x)e[t ,T\xR 3 



(2.43) 
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sup sup E(\D n (t,x)-D n (t,y)\ p )<C\x-y\^ p , 
n te[t ,T] 

for any x, y £ K, where C is a finite constant and p\ > 0. 
For < t < t < t < T and x € K, set 



(2.44) 



J n (t,t,x)= / ds\\D n (x,*)[G(t - s,x - *) - G(t - s,x - *)}\\ n . 
Jo 

Then, for any p € [2, oo[ there exists a finite constant C > suc/i that 

E (j n (£, t, x) 2) < C (\i - t\ pip + \t - t|(pi+°i)p/2 + |f _ t |oap/2 

mt/iai G]0, 1 A(2-/5)[ an(ia2 e]0, (2-/3)[. 



(2.45) 



Proof. First of all we notice that, as a consequence of Burkholder's inequality, the LP- 
moment of the stochastic integral 



D n {x, y)[G(t - s,x-y) - G(t - s,x- y)]M(ds, dy), 



is bounded up to a positive constant, by E f J n (t, t, x) 
We write J n (t,i,x) using (|1.4j) . This gives 



J n (t,t,x)= ds / Z) n (x,?/)[G(i- s,x-y) -G(t-s,x-y)] 

Jo Jm. 3 Js 3 

x Z? n (x,z)[G(t - s,x — z) — G(t — s,x — z)]\y — z\~@ . 
Then, as in [5] page 28 (see the study of the term T^(£,£, x) in this reference), we have 



E(j n (M,x)i) <J>(|Q*(M, 



fe=l 



(2.46) 



where for i = 1, . . . , 4, 



Q\t,t,x):= I ds I I G(t- s,du)G(t-s,dv)ri(t,t,s,x,u,v), (2.47) 

/o JR 3 



and 



/- \ t — s „ ( t — s 
ri{t,t, s,x,u,v) := / ( v- — - u 



t — s V t — s 

i- s 



D n \ s,x - u ) - D n (s, x - u) 



x 



D n s,x 



t- s 



t-s 
v I - D n (s,x -v) 



r 2 (t,t,s,x,u,v) :-- 



t-s\" ft- s 

f ( -iv-u) 



t-s 



t-s 



D n [ s,x u 

t-s 



t-s ( t-s 

/ [v- u 

t — s V t — s 

t-s 



D n [s,x - t^v ) - D n (s, x-v) 
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r 3 (t,t,s,x,u,v) :-- 



t-s) \t-s K 
t-s 



t - s , / t-s 



i-s 



t-s 



D n [s,x 



t-s 



u — D n {s,x — u) 



D n (s,x-v) , 



Ti(t,t, s,x,u, v) :- 



t-sV ( t-s 

f [ 7 -(v-u) 



t-s 



t-s 

t-s 



f (v-u 



\t-s 

i- s 
t-s 



t-s ( t-s 
J v— 



t — s \ t — s 
+ f(v - u) } D n (s, x - u)D n (s, x - v). 



Let 



vi(s,t,F) r- 



t — s ( t — s 

G(t — s, du)G(t — s,dv) / I v u 

t — s V t — s 



Following the arguments of the proof of lemma 6.3 in [9] (with G n replaced by G), we see 
that 

sup ui(s,t,t) < oo. (2.48) 

0<s<t<t<T 

Applying Holder's and then Cauchy-Schwarz' inequalities, along with (|2.44|) yield 



IP/2 



\ P/2-1 

E(\Q\t,t,x)\ p <') < I sup vi(8,t,i)) 

\0<s<t<t<T J 

x ds / G(t — s,du)G(t — s,dv) flv u 

Jo Jr? Jrz t-a \ t-s 

p 



x 



X 



E 



E 



D n [s,x- t^u ) - D n (s, x-u) 
i-s 



D n (s,x 



t-s 



v - D n (s,x -v) 



1/2 
1/2 



(2.49) 



ds [ [ G{t-s,du)G{t-s,dv)- — -f(v- — - - u 
/o Jr?Jb? t-s \ t-s 



t-t 



t-s 



PiP/2 



t-t 



t-s 



PlP/2 



The support of the measure G(t) is {x G M 3 : \x\ = t}. Using this property and (|2.48p . we 
obtain 

E(|Q 1 (i,i,aO| p/2 ) < C\t - t\ plP . (2.50) 

Let 



v 2 (s,t,t) : = I I G(t-s,du)G(t-s,dv) 

JM 3 JR 3 



t-s\" ( t-s 



t-s 



t-s 



t-s (t-s 

/ v-u 

t — s \t — s 
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A slight modification of Lemma 6.4 in [9] (where G n is replaced by G), yields 



sup u 2 (s,t,t) <C\t-t\ a \ 

s<t<t<T 



(2.51) 



with a.\ G]0, (2 — /3) Al[. Then, Holder's and Cauchy-Schwarz' inequalities along with (|2.43p . 
(g31D and (l2~5Tj) imply 



IP/2 



E(|Q"(t,t,:r)|^) < sup ^(s,t,t) 

\0<s<i<t<T / 



\ p/2-1 



<is 



G(t- s,du)G(t- s,dv) 



t-s\" (t-s 

f ( : — :(«-u) 



t-s 



t-s 



E 



E 



D re s, x 



t-s 

i 

t-s 



-u 



t-s ft — s 

- / v - u 

t — s \t — s 

1/2 



D n [ s,x - v } - D n (s, x -v) 



t-s 



<C\t-t\ plp/2 [ sup u 2 (s,t,t) 

\0<s<t<t<T 



1/2 



p/2 



<C\t-t 



(pi+ai)p/2 



withai g]0, 1 A(2-/3)[. 
Similarly, 



aiG]0,lA(2-/3)[. 
Define 



p/2 



E Q d (t,t,x)r <C\i-t 



|(pi+«i)p/2 



i>4 («,£,£):= / / G(t — s,du)G(t — s,dv) 

JR3 J M 3 



t-s\" {t-s 

f [ - — : (v-u) 



t-s / t-s 



t — s J \t — s J t — s \ t — s 

Replacing G n by G in [9], lemma 6.5 yields 



t- s ( t-s 

f [v-u 



t-s 



t-s 



sup i/ 4 (M,t) < C|t-t| Q2 , 

s<i<f<T 



(2.52) 



(2.53) 



(2.54) 



/(t> - u) 



(2.55) 



where a 2 G ] 0, (2 - /3) [. 

By applying Holder's and Cauchy-Schwarz's inequalities along with (|2.43p . we get 



E(|Q 4 (t,t,x)| p/2 ^ 

( \ p ' 2 ' 1 r 

< sup U4(s,t,t) I / ds 



, 0<s<t<t<T 



JR 3 



G(t-s,du)G(t-s,dv) 
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t-s\ f ft-s 

f ( : — : {v-u) 



t-s 



t-s 



t-s , / t-s 



t — s V i — s 



/ I v — u ) + f(v — u) 

t-s J V t-s) K 

IP-. \lV2 



PMl/2 



x [E (|£> n ( a , x-u)\ p l Lnis) )Y /A [E (\D n (s, x - v)\ p )] 

( X' 2 

< C sup U4(s,t,t) 

\0<s<t<t<T J 

<C\i-t\ a2p/2 , 

witha 2 e]0, (2-/3)[. 

The inequalities (plffljl . (f2753]) . (J23IJI . (^57jl . together with <|2^5]> imply (J235D - 



(2.56) 



(2.57) 



D 



Proof of Proposition 12.91 

Fix < t < t < T, x £ K, p £ [2, oof, and according to (|2.4p consider the decomposition 



M(\x n (i,x) -x n (t, x )\n LniF) ) < cJ2K(t,t, 



i=l 



where 

Ri(t,i,x) = E 

R 2 n (t,i,x)=E 
Rl(t,i,x) = E 



[G(t - s,x-y) -G(t- s,x- y)] 

JR 3 

xA{X n {s,y))M{ds,dy)\ P l Ln ®), 

[Git- ., x - *) _ G (t - -,x - *)]B(X~ (-,*)), w n ) 

[G(t - -,x - *) - G(t - -,x - *)] 



l L n (F) 



x[B(X n )-B(X-)}(-,*),w n 



■Hf 



l L n {t) 



Ri{tXx)=^[[G{t--,x-*)-G{t--,x-*)]D(X n {-,*)),h) u Jl Ln(T) ) 
Rl{t,i,x) =E 



[G(t - s,x - dy) - G(t - s,x - dy)] b(X n (s, y))di 



L n {T) 



Similarly as for the term i?^(t, x, x) in the proof of Lemma [2T8l (see (|2.28p ). we have 

\p/ 2 



R l n {t,t,x) < CE / ds 



[G(t - s, a; - *) - G(t - s, x - *)] A(X n (s, *)) 



1 



H 



L n {s) 



(2.58) 
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1 1 _ 1 Q — 

This is bounded up to a positive constant by R n ' (t,t,x) + R n ' (t,t,x), where 



R^(t,i,x)=E 



G(t-s,x-*)A(X n (s,*)) 



H 



l L n (s)ds 



p/2 



E 



t-t 



G(s,x-*)A(X n (t-s,*)) 



H 



1 L n (s)ds 



p/2 



and 

R^ 2 (t,t,x) = E 
Set 



ds \\[G(i-s,x- *) -G{t-s,x- *)}A(X n {s,*))\\ 2 H l Ln(s) 



(2.59) 



p/2 



(2.60) 



t-t 



m(t,t,x) := J ds I d£\FG(s)(0\ 2 »(dO. 



Lemma 2.2 in [9] shows that 

fJLi(t,i,x) < C|i-t| 3 ^. 

Then, using Holder's inequality, the linear growth of A and (|4.9p . we obtain 



l L n {t) 



R^it, i, x) < C(m(t, t, x)) 2 1 + sup E ( X n (t, 

\ (i,x)e[0,T]xR3 v 

< C \t_ t \ P (3-P)/2. 



Set D n (t,x) = A(X n (t, x))l L i t y Owing to Hypothesis (B), (|4.9p and Proposition 12.5 



(2.61) 

(2.62) 
(2.63) 



2=2 

u, 2 



the conditions (|2.43p , (|2.44p of Lemma 12.101 are satisfied with p\ £ 

Rl' 2 (t,t,x) < C (\t - t\ plp + \t - t |(Pi+"i)P/2 + |f_ t |oap/2 

withpi e]0,^[, ai G]0,lA(2-/9)[and a 2 €J0, (2-/3)[. 

2-/3 



. Thus, 



(2.64) 



It is easy to check that ^=f- + (1 A (2 - j3)) > (2 - /3). Hence, from (f2~64|) we obtain 



i^ 2 (M»<C|t-tr, pe]0,H[. 



Since 2z£ > 2=^, (|233|) and (|2^51l imply 



<(*,*» <C|t-*r, pG ]0,^[. 



(2.65) 



(2.66) 



With the same arguments as those applied in the study of the term R%{t, x,x) in the 
proof of Lemma 12.81 we have 
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2,1, 



-.2,2, 



This yields R n (t,t,x) < C(R n ' (t,t,x) + R n ' (t,t,x)), where 



R% 1 (t,t,x)=EU ds\\[G(i- S ,x + *)-G(t-s,x-*)}B(X-(s,*))\\ z n l Ln{s) j 

P 

R% 2 (t,i,x)=EU* \\G(s,x - *)B(X-(s,*))\\ 2 n l Ln{s) ) . 

The term R n ' (t,t,x) is similar as Rn (t,t,x), with A(X n ) replaced by B(X~). Hence 
both can be studied using the same approach. Firstly, we see that the process D n (t,x) := 
B(X~(t,x))li n M satisfies the hypothesis of Lemma [2.101 with p\ £ ]0, — ^ [. In fact, this 
is a consequence of (|4.9p and Proposition 12.71 Therefore, as for Rn' (t,t,x), we have 



Ry(t,i,x)<c\t-tr, p£]o,vt- 



(2.67) 



-.2,2, 



As for R n ' (t, t, x), it is analogous to R n ' with A(X n ) replaced by B{X n ). As in (J2.63D . 
we have 

R 2 n 2 (t,i,x) < C\t-t\^~^l 2 . (2.68) 

Consequently, from (12,67|) . (|2.68j) . we obtain 



R 2 n {t,t,x)<C\t-t\ pp , p€]0,^[. 



(2.69) 



Let B(X n (-, *)) be defined by (|2.32p . Using Cauchy-Schwarz's inequality and (|2.12p we 
have 

Rl(t, i, x) < Cn p 2 n P/ 2 [R% l (t, t, x) + R n ' 2 (t, i, x)] , (2.70) 

where 



R n >\t,t,x)=E 
R 3 n ' 2 (t,t,x)=E 



ds 



[G(t -s,x-*)-G(t-s,x- *)]B(X n (s, *)) 



n 



1 



L„(s) 



t-t 



ds 



G(s,x-*)B(X n (i-s,*)) 



u 



l L n (s) 



From |CT?| . it follows that 



sup E(\B(X n (t,x))\ p l Ln{t) ) < Cn p 2- n ^-W 2 . 

(t,x)£[0,TxR 3 ] V J 



(2.71) 



Let us study Rn (t,t,x). This term is similar to R n ' (t,t,x) with A(X n ) replaced here 
by B{X n )- Hence, as in (|2.62|) we have 



R n ' 2 (t,i,x)< (/ii(M,s))M sup E(\B(X n (t,x))\ p l Ln{t) 

\(i,x)e[0,T]xR3 v 
< C -|f_ t |p(3-«/2 n p 2 -np(3-/J)/2 j 

where in the last inequality we have applied (|2.7ip . 



(2.72) 
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The analysis of Rn relies on a variant of Lemma 12.101 where the process D n is replaced 
by B{X n ). By (|2.7ip . this process satisfies a stronger assumption than (|2.43p . This fact is 
expected to compensate the factor n p 2 np ' 2 in (|2.7U|) . 

As in the proof of Lemma 12.101 (see also [9], page 28), we consider the decomposition 

4 

Rf:\t,i,x) < ^2E(\Q i (t,i,x)\p/ 2 i LniI) 
fc=i 

where Q^t, i,x), i = 1, . . . ,4, are defined in (J2~4T1) with D n := B(X n )l Ln . 
Prom (|2.7ip and the triangular inequality, we obtain 



E 



B ( X n ( s, x - t^u ) ) - B(X n (s, x - u)) 



P l Ln{s) )<CnP2- n P^-^/ 2 . (2.73) 



Consider the expression (I2.49P with D n = B(X n )lL„- The above estimate (I2.73P yields 



^(\Q\t,i,x)f 2 l Ln{ 



t — s . ( t — s 

u 



< Cn p 2~ np( - 3 -W 2 I ds I I G(t- s, du)G{t - s, dvf—^ f (v 

Jo Jb 3 Jr? t-s \ t-s 

Along with (|2.48p . this implies 

E(|Q 1 (t,t»| p/2 l Ln(t - ) ) < C n p 2~ np ^/ 2 (2.74) 

Consider the expression (|2.52j) with D n = B(X n )li, n . Using (|2.32p . the Lipschitz prop- 
erty of B and (|4.10p , we obtain 

E(|Q 2 (t,t»| p/2 l Ln(i - ) ) < Cn p 2~ np ^. (2.75) 

Similarly, 

E(\Q 3 (t,i,x)\ p/2 l Ln(F) ) < Crf2~ np ^. (2.76) 

Let us now consider the expression (J2.56P with D n = B(X n )lL n . Appealing to (|2.7ip . 
we obtain 

E(\Q 4 (t,t,x)\ p/2 l Ln(I) ) < Cn p 2- np ^. (2.77) 

From (I2T74"]) - (127771) it follows that 

R^(t,i,x) < Cn p 2" np (^), (2.78) 



where C is a finite constant. 

(3-/3 1 \ 

Set f n := n 2p 2~ np y 2 s) . From ([2TT0]) . {277211 . (12778]) . it follows that 

2-/3 



R 3 n (t,i,x)<C\i-t\ pp + Cf n , pG]0,^[. (2.79) 
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By applying Cauchy-Schwarz's inequality, we see that 



Rl(t,x,x)<CM\ / ds\\[G(i-s,x-*)-G(t- S ,x-*)]D(X n (s,*))\\ z n l Ln{s) 



The last expression is similar as (|2.58p with the function A replaced by D. Therefore, as in 
(|2,66p we obtain 

R^(t,i,x) <C\t-t\ pp , pe]0,^[. (2.80) 

Finally, we consider R^(t, t, x). Clearly, 



5,2/ 



R^t, t, x) < R^(t, i, x) + R% z (t, i, x), 



where 

R^ l (t,i,x) :=E 

R 5 /(t,t,x) :=¥. 



OJR 3 
i 



[G(t - s,x - dy) - G(t - s, x - dy)]b(X n (s, y))ds 



l L n (F) 



G(t- s,x - dy)b(X n (s,y))ds 



l L n (t) 



Applying the change of variable, y i— > =- — h x and y i-> 73— + x, we see that 



R^{t, i, x) = E( Ti(t, i, x) - T 2 (t, t, x) 



1 



L n (t) , 



where 



T 1 (t,i,x)= / (t-s) / G(l,x-dy)b(X n (s,(t-s)(y-x) + x))ds, 

JO JR 3 

T 2 (t, i, x)= I (t-s) I G(l, x - dy)b(X n (s, (t - s){y - x) + x))ds. 

J0 Jw. 3 

By adding and subtracting t in T\ we get 



T 1 (t,t,x) = / (t-t) / G(l,x-dy)b(X n (s,(t-s)(y-x)+x))ds 

Jo Jr 3 

+ [ (t-s) [ G(l,x - dy)b(X n (s,(t - s)(y - x) + x))ds. 
Jo Jm 3 

Then, Holder's inequality yields 

R^ 1 (t,t,x)<C\t-t\ p I ds I G(l,x-dy)E( b(X n (s,(i-s)(y-x) + x)) 

Jo Jm. 3 K 

+ C [ \t-s\ p ds I G(l,x-dy)m(b(X n (s,(i-s)(y-x)+x)) 

Jo Jm 3 ^ 

p 
-b(X n (s,(t-s){y-x) + x)) l Ln(s) 



l L n (s) 



2G 



Owing to (|4.9p , the first term on the right hand-side of the last inequality is bounded up 
to a constant by \i — t\ p . For the second one, we use the Hypothesis (B) along with (J2.16P 
to obtain 

I \t-s\ p ds [ G(l,x-dy) 
Jo Jm. s 

x E(|&(X n (s, (i-s)(y -x) + x)) - b(X n (s, (t - s)(y - x) + x)) \ P l Ln{s) 

<C I ds I G(l,x-dy) 

Jo Jr3 

/ _ V 

xE[ X n (s, (t - s)(y - x) + x) - X n (s, (t - s){y - x) + x) l Ln{s) 
< C\t - t\ pp , 

withp€]0,^[. 

Holder inequality along with (|4.9p clearly yields 



(2.81) 
(2.82) 



R 5 /(t, i, x) < Clt-tr 1 / / G(t -s,x- dy)K (\b(X n (s, y))\ p l Ln(s) ) ds 

Jt JR 3 

<C\i-t\ p . 
Hence, we have proved that 

Rl(t,i,x)<C\i-t\ pp , rfco6]0,^[. 
With the inequalities dEMD, (121)5)1 . tfZTty . (I2^0|) and ([232]) . we have 

E(\x n (t, x) - x n (t, x)\n Ln[l) ) < c [\i-tr + /„.] , 
with/>e]o,2=£[. 

For a given fixed t G [to,^ 1 ]) we introduce the function 

< X)P (t) :=E(\X n (i,x)-X n (t,x)\n Ln{T) ), 

for t < i < i. 

Notice that sup n f n < C and lin^^oo f n = 0. Thus, there exists a constant < Co < oo, 
such that 

sup f n < C Q t Q < C i < C I ds [1 + < x>p (s)] . 

n Jo 

With a similar argument, there exists < C\ < oo such that 

1 < Cit < C x i < d [ ds [1 + ¥ n x Js)] . 
Jo 

Therefore, 



i + Km® ^ c \ i< - *r + J ds I 1 + ^,*» 
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□ 



Then, by Gronwall's lemma, 

i + <*,(*) <c(l*-t| flP 

where p £ 1 0, — ^- [. This finish the proof of the proposition. 

2.3 Point wise convergence 

This section is exclusively devoted to the proof of Theorem 12. 41 Using equations 
(|2.4p . we write the difference X n (t,x) — X(t,x) grouped into comparable terms in order to 
prove the convergence to zero. The main difficulty lies in the proof of the convergence of 
(G(t--,x-*)B(X n (;*)),w n ) nT to /„' J M3 B(X(s,y))M(ds,dy). We write 

8 

X n {t,x) - X{t,x) = Y J U i n {t,x), 

i=i 

where 

Ufa,x)= [ f G(t-s,x-y)\(A + B)(X n (s,y))-(A + B)(X(s,y))]M(d S ,dy), 
Jo Jr 3 L J 

U 2 n {t, X) = (G(t -;X- *)[D(X n (; *)) - D(X(; *))], h) Ht , 

U z n (t,x)= ! ds [ G(t-s,x-dy)[b(X n (s,y))-b(X(s,y))}, 



JO 



U*(t,x) = (G(t - ;X - *)[B(X n (;*)) - B(X-(;*))],W n ) Ht , 

U*(t,x) = (G(t --,x- *)[S(X"(.,*)) - B(X-(;*))},w n ) Ht , 

U*(t,x) = (G(t -;X- *)B(X~ (;*)), W n ) Ht 

- I f G(t - s,x - y)B{X-{s,y))M(ds,dy), 

Jo Jr 3 

Ul(t,x)= [ [ G(t-s,x-y)[B(X-(s,y))-B(X-( S ,y))]M(ds,dy), 
Jo Jr 3 

U*(t,x)= [ [ G(t- S ,x-y)[B(X-( S ,y))-B(X n (s,y))]M(ds,dy). 
Jo Jr 3 

Here, we have used the abridged notation X~(-,*) for the stochastic process X~(t,x) := 
X(t,t n ,x) defined in (|2.7|) . Notice that, although this is not apparent in the notation 
X~(-, *) does depend on n. 
Fix p € [2, oof. Clearly, 

8 

E(\X n (t,x)-X(t,x)fl Ln{t) )<C^(\U l n (t,x)\ P l Ln{t) ). 

i=l 

Next, we analyze the contribution of each term U^(t, x), i = 1, . . . , 8. 
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Burkholder's and Holder's inequalities yield 



E(\U l n (t,x)\ P l Ln{t) )<C ds 

Jo 



sup E 
yeK{s) 



X n (s,y) -X(s,y) 



y L n (s) 



Cauchy-Schwarz's inequality implies 

E {\U 2 n {t,x)\ p l Ln{t) ) < \\h\\ P n K (\\G(t -;x- *)[D(X n (; *)) - D(X(; *))]l Ln{t) \\ 2 nt 
Then, by using Holder's inequality we obtain 



(2.83) 



p/2 



E{\U 2 (t,x)\ P l Ln(t) )<C ds 



sup E 

yeK(s) 



X n (s,y) - X(s,y) 



V L n (s) 



(2.84) 



For Un(t,x), we apply Holder's inequality. This yields 



E(\U*(t,x)\ P l Ln{t) )<C [ ds 

Jo 



sup E 

y€K(s) 



X n (s,y) - X(s,y) 



V L n (s) 



(2.85) 



Let T n and ir n be the operators defined in the proof of Lemma 12.81 (see (|2.3U|) and lines 
thereafter). Let I-^ t be the identity operator on % t . T t := (7r n o r n ) — I% t is a contraction 
operator on T-L t . 

After having applied Burkholder's inequality, we obtain 



E[(\U^t,x) + U 7 n (t,x)\ P )l Ln 



(t)\ 



< CE 



T, [G(t --,x- *){B(X~) - B(X~)}] (•, *)l Ln{ . 
< CE (J ds \\[G(t -s,x- *){B(X-) - B(X-)}(s,*)l Ln{s) \\l) 

Similarly as for U 2 (t,x), we have 

K[(\U^t,x) + Ul(t,x)\ p )l Ln{t) ] <C [ ds sup E(x-(s,y)-X-(s,y) 

Jo \y&K{s) v 

This clearly implies 
E[{\U? l (t,x) + Uj l (t,x)\ p )l Ln{t) ] <C\ f ds sup E(x-(s,y)-X n (s,y) 

I JO vGK(s) V 

X n (s,y) - X(s,y) 
i ds sup E( X(s,y)-X-(s,y) 

Jo vGK(s) v 



p/2 



l L n (s) 



(2.86) 



+ / ds 
'o 



y€K{s) 
sup E 

y£K{s) 



l L„(s) 



V L n (s) 



l L„(s) 
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Recall that X (s,y) = X(s,s n ,y). By applying (|4.ip and (|4.10p . we obtain 

E[(\U^t,x) + U 7 n (t,x)\ p )l Ln(t) ] <C [ ds sup e( X n ( S ,y) - X(s,y) 

JO yeK(s) v 



_y€K(s) 

+ Cn p 2- np(3_/3)/2 . 



V L n (s) 



Next, we will prove that 



(2.87) 



(2.88) 



lim sup sup E(|^(i,x)| p l Ln(t) ) =0, i = 4,6,8. 

n ^°° \te[o,T]xeK(t) v J ) 

Consider i = 4. Cauchy-Schwarz' inequality along with (]2.12j) implies 

E (|[/ n 4 (t,x)| p l L?i(t) ) < Cn^^E (T^ll^ -s,x- *)[B(X n ) - B(X^](s,*)l Ln{s) \\ 2 n 
Then, the Lipschitz continuity of B and (|4.10p yield 

E(\U*(t,x)\ P l Ln{t) ) <Cn p T p l 2 f ds S upE(x n (s,y)-X-(s,y) 



p/2 



l L n (s) 



< Cn 2 n 



-Tip 



3-ff i 

2 2 



Since /3 e]0, 2[, this implies (p^HD for i = 4. 

The arguments based on Burkholder's and Holder's inequalities, already applied many 
times, give 



E 



\U*(t,x)\ p l Ln{t) ) <C i ds sup E(x-(s,y)-X n (s,y) 

JO j/GK 3 V 

< Cn p 2~ np ^\ 



1 



L n {s) 



where, in the last inequality we have used (|4.10p . Thus, f|2.88j) holds for i = 8. 
Let us now consider the case i = 6. Define 

U% 1 (t, X )= [ f {n n [T n [G(t-;X-*)B(X-(;*))] 

Jo Jr s 

-G(t --,x- *)r n [B(X~ (-,*))]] (s,y)} M(ds,dy), 

U^ 2 (t,x)= [ [ ir n [G(t--,x-*)T n [B(X- (-,*))] 

Jo JR3 

-G(t-;x-*)B(X-(;*))](s,y)M(d8,dy), 

U^ 3 (t,x)= f [ Tr n [G(t - -,x - *)B(X-(-,*))] - G(t - s,x -y)B(X-(s,y))M(ds,dy). 

Jo JR3 



It is easy to check that 



ZjS(t,x) = U^(t,x) + U^ 2 (t,x) + U^(t,x). 
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To facilitate the analysis, we write U n ' (t, x) more explicitly, as follows. 



U^(t,x) 



TT„ 



Git _ ., x _ *)B(X-(; *)) ((s + 2~ n ) A t, y) 



7r n [G(t - -,x - *)B(X~{{- + 2"™) A t,*))] (s,t/)} M(ds,dy). 



(2.89) 



t-2- 



We are assuming that t > to > 0. Hence, for n big enough, £ — 2 n > 0. Consider the first 
integral on the right-hand side of (|2.89p . We have 

I I K n \G(t - -,x - *)B(X~ {-,*))] ({s + 2~ n ) At,y)M(ds,dy) 

JO JR 3 L J 

Tn[G(t - -,x - *)B{X-(;*))](s + 2~ n , y) M (ds , dy) 

h [G(t --,x- *)B(X~ (-,*))] (t,y)M(ds,dy) 

G (t _ . >x _ *)i?(X-(-, *))] (a + 2- n ,y)M(ds,dy) 

G(t-;x-*)B(X-(s,*))}(s,y)M(ds,dy). 



o 



- / 

't-2-' 1 
-t-2 

'0 
et 

'2 



(2.90) 



Indeed, the integral on the domain [t — 2~ n ,t] vanishes, and we have applied the change of 
variable s i— > s + 2 _n . 

For the second integral on the right hand-side of (|2.89j) , we split the domain of integration 
of the s-variable into three disjoint sets, as follows: 



n r , 



7Tr, 



JR 3 
t-2- 1 



+ 



+ 



G(t -;x- *)B(X~((- + 2" n ) At,*)) (s, y)M(ds, dy) 

G(t --,x- *)B(X-(- +2- n ,*))] (s,y)M(ds,dy) 
G(t - ., x - *)B(X- ( • +2-™, *))] (s, y)M(ds, dy) 
G(t --,x- *)B(X~ (t, *))] (s, y)M(ds, dy). (2.91) 



7T, 



t-2" 



7T, ; 



JR 3 



Then ([2~90D . (pMj) yield 

r>2~ n 

+ / 

t 

t-2-™ 



7Tr> 



7T„ 



7T. 



G(t - •, x - *)B(X~ ( ■ +2~ n , *)) j (s, y)M(cfe, dy) 
G(t- ;x-*)(B(X-(;*))-B(X-(- + 2- n ,*)j)}(s,y)M(ds,dy) 
G {t _ . jS _ *)j3(x-(t,*))l ( s ,y)M(ds,dy). 
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From this, we see that E ( Un (t,x) ^L n {t) ) < C^ != i V n ' l (t,x), where, 



t-2- 



L M*) 



C i (t,x)=E( / / 7r n [G(t-.,x-*) 

x {s(X-(-, *)) - B(X"(. + 2-™, *))}] (s, j/)M(cfc, dy) 
V^(t,x)=E[ [ [ n n [G(t-;x-*)B(X-(;*))](s,y)M(ds,dy 

\ JO Jr 3 

V^(t,x)=E( [ n n [G(t-;x-*)B(X-(t,*))](s,y)M(ds,dy) 

V Jt-2~ n 

By Burkholder's and Holder's inequalities, we have 
]£>% x)<C f ds sup E {\X-(s,y) - X~(s + 2~ n ,y)\ p l Ln(t) ) 

JO jEl 3 

= C [ ds sup E(\X(s,s n ,y)-X~(s + 2~ n ,s n + 2~ n ,y)\ p l Ln{t) ) < CT 
Jo veR 3 



npp 



' 2 



with p € 

along with fljlj) and ([232]). 
Similarly, 



. Indeed, the last inequality is obtained by using the triangular inequality 



V^(t,x) + V^(t,x) 

<C[1+ sup E\X(t,t n ,x)\ p ) ( [ ds [ fi(d£)\T(G(t-s,*))(Of 

\ fi,x)GfO,TlxM 3 / \Jo JR 3 



3-0 

< C2-' n 2 p . 



Indeed, this follows by applying (14.2H and the property 

^dZ)\HG(r,*))(0\ 2 <Cr 2 -P. 



Thus, we have established the convergence 



lim sup E(\U^ l (t,x)\ p l Ln{t) )=0. 

n ^°°(t,x)G[0,T]xK(t) 



7-6,2/ 



(2.92) 



Next, we consider the term U n ' (t,x). As usually for these type of terms, we apply 
Burkholder's and then Holder's inequalities, along with the contraction property of the 
projection 7r n . This yields, 

E(|C/ n 6 ' 2 (t,x)| p l Ln(t) ) 

= e(J J^7r n [G(t --,x- *){s(X~((- + 2~ n ) A t, *)) - B(X~ (-,*)) }] (a, y) 
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xM(ds,dy)\ p l Ln{t) ) 
<C I sup E (\X((s + 2~ n ) A t, (s n + 2" n ) A t, x) - X(s, s n ,x)\) p . 

JO xGK 3 

Equation (|2.3|) is a particular case of Equation (|2.4p . Therefore, Proposition 12.91 also holds 
with X n replaced by X. Then, by virtue of (|4.ip and (|2.42p . this is bounded up to a constant 



by 2~ np ^- + 2~ n PP, with p G 



0, 



. Consequently, 



lim sup E(\U^ 2 (t,x)\ p l Ln{t) )=0. 

n -*°° (t,x)e[o,T\xW 

For Un (t,x), after having applied Burkholder's inequatily we have 
E (\U% 3 (t, x)\ p l Ln{t) ) < C7E ( (vr n - I Ht ) \G(t --,x- *)B(X~(; *)) 



(2.93) 



in(0 



We want to prove that the right-hand side of this inequality tends to zero as n — >■ oo, 
uniformly in (i, x) € [to 5 T] x ^(^)- For this, we will use a similar approach as in [17] (pages 
906-909). 
Set 



Z n (t,x)= (7r„-/« t ) G(t--,s-*)S(X-(-,*)) 



MO 



H< 



Since 7r n is a projection on the Hilbert space Tit, the sequence {Z n (t, x),n > 1} decreases 
to zero as n — > oo. 
Assume that 



E(sup||G(t--,x-*) J B(X-(,*))l Ln( . ) ||^) 



< oo. 



(2.94) 



Remember that X (s,y) stands for X(s,s n ,y) (defined in (|2.7p ) and therefore, it depends 
on n). Then, by bounded convergence, we have lim n ^ 00 E (Z n (t,x)) = 0. Set Z n (t,x) = 



E ( Z n (t, x) ) . Proceeding as in the proof of Lemmas 12.61 12.10] we can check that 
(Z n (t, x))v - (Z n (t, x))* <C (\t - t\ + \x- x\) p , 



with p E 



0. 



Hence, (Z n ) n is a sequence of monotonically decreasing continuous functions defined on 
[0, T] x M 3 which converges pointwise to zero. Appealing to Dini's theorem, we obtain 



lim sup E ( Z n (t, x)) = 0. 

n ^°° (t,x)e[t ,T\xK(t) 



(2.95) 



This yields the expected result on U n ' . 

It remains to prove (|2.94p . We shall only give an outline of the arguments, leaving the 
details to the reader. As usually, we write ||G(£ — -,x — *)B(X~(-, *))1l„(.)||-h< using the 
identity (jl.4p . By applying Holder's inequality with respect to the measure on [0, t]xR 3 x M 3 
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with density G(t — s,x — y)G(t — s, x — z)\y — z\ ^dsdydz, and using the linear growth of 
the function B, we obtain as upper bound for the left-hand side of (J2.94D 



C 



1+ sup E ( sup \X(t,t n ,x)\ p 

i,xe[0,T]xR 3 



(2.96) 



Looking back to the definition of X(t, t n , x), we see that for the second and third terms in 
(|2.7p . the supremum in n can be easily handled, since they are defined pathwise. For the 
stochastic integral term, we consider the discrete martingale 



JR a 



G(s -s,x-y)(A + B)(X( S ,y))M(ds,dy),T tn ,neN}, 



where so €]0, T] is fixed. By applying first Doob's maximal inequality and then Burkholder's 
inequality, we have 



E I sup 
V n 

CCE 



G(s -s,x-y){A + B)(X(s, y))M(ds, dy) 

iR 3 

/ / G(s -s,x-y)(A + B)(X(s,y))M(ds,dy) 

JO JWL 3 



< CE \\G(s -;x- *)(A + B)(X(; *) 



\u, 



Finally, we take so := s. Using the property sup( 4 iX ) e [o,T]xR 3 E (l^(*> x )\ p )i we obtain that 
the expression (J2.96P is finite. 

Owing to (I2T92]) . (1^93]) and (1^95]) . we have 



Urn sup E(\U*(t,x)\n Ln{t) ) = 0. 

n ^°° (t,x)£[0,T]xK(t) 



(2.97) 



In order to conclude the proof, let us consider the estimates (|2.83p , (|2.84p , (|2.85p , (|2.87p , 
along with (gSSD- We see that 



E(\x n (t,x)-x(t,x)\n Ln(t) ) <c 1 e n + c 2 [ ds 

Jo 



sup E(\X n (s,x)-X(s,x)\Pl Ln[s) ) 

x£K(s) 



where (6 n , n > 1) is a sequence of real numbers which converges to zero asn-> oo. Applying 
Gronwall's lemma, we finish the proof of the Theorem. 

□ 



2.4 Proof of Theorem f272l 

Fix to > and a compact set K C M 3 . Let Y n (t, x) := X n (t, x)—X(t, x) and B n (t) := L n (t), 
n > 1, (t,x) € [ioj T] x K, p € [1, oof. From Theorems 12. 31 and 12.41 we see that the conditions 
(PI) and (P2) of Lemma 15.41 are satisfied with 5 = pp — 4, for any p € 
that 



^£ 
u, 2 



. We infer 



EMIx n -x||^ 



1 L„(t)j = 0, 



(2.98) 
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for any p G [1, oo[ and p G 0, — ^f- 

Fix e > 0. There exists iV G N such that for all n > N P(L n (i) c ) < e . Then, for any 
A>0, 

P (\\X n - X\\ pMhK > A) < e + P ((||X„ - X||„ )toX > A) n L n (t)) 

<6 + A^E(||X n -X||^l Ln(t) ). 



Since e > is arbitrary, this finishes the proof of the Theorem. 



□ 



3 Support theorem 

This section is devoted to the characterization of the topological support of the law of the 
random field solution to the stochastic wave equation (|1.5|) . As has been explained in the 
Introduction, this is a Corollary of Theorem 12.21 



Theorem 3.1. Assume that the functions a and b are Lipschitz continuous. Fix to G]0, T[ 
and a compact set K C M 3 . Let u = {u(t,x),(t,x) G [£o,T] x K} be the random field 
solution to (|1.5p . Fix p G 



2-/3 
' 2 



. Then the topological support of the law of u in the space 

C p ({to,T] x K) is the closure in C p ([to,T] x K) of the set of functions {& h , h G Wt}, where 
{$ h (t,x),(t,x) G [to,T] x K} is the solution of (fL9|) . 

Let {w n ,n > 1} be the sequence of %r-valued random variables defined in (|2.ip . For 
any h G T~Ct, we consider the sequence of transformations of ft defined in (|1.10p . As has 
been pointed out in Section [TJ P o (T^ - )" 1 <C P- 

Notice also that the process v n (t,x) := (u o T%)(t,x), (t,x) G [to,T] x R 3 , satisfies the 
equation 



v n (t, x) = / / G(t- s,x- y)a(v n (s, y))M(ds, dy) 

Jo Jm. 3 

+ (G(t.;x.*)a(v n (;*)),h-w n ) nt + [ ds[G(t-s,-)*b{v n (s,-))]{x). (3.1) 

Jo 



Proof of Theorem \3.1[ 

According to the method developed in |15] (see also [2]) (see Section Q] for a summary), 
the theorem will be a consequence of the following convergences: 



lim ] 

71— >00 



lim I 

n— »oo 



U-& 



uoTl 1 - $ ft 



\p,to,K 



>V 



p,to,K 



> T] 



0. 
0. 



(3.2) 
(3.3) 



where n is an arbitrary positive real number. 

This follows from the general approximation result developed in Section [2j Indeed, 
consider Equations (J2.3J) and (|2.4p with the choice of coefficients A = D = 0, B = a. Then 
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the processes X and X n coincide with u and <& w , respectively. Hence, the convergence 
(|3.2p follows from Theorem 12.21 Next, we consider again Equations (|2.3|) and (|2.4p with a 
new choice of coefficients: A = D = a, B = —a. In this case, the processes X and X n are 
equal to $> h and v n := uo T%, respectively. Thus, Theorem 12.21 yields (|3.3[) . 

□ 



4 Auxiliary results 



The most difficult part in the proof of Theorem 12.21 consists of establishing (|2.14p . In 
particular, handling the contribution of the pathwise integral (with respect to w n ) requires 
a careful analysis of the discrepancy between this integral and the stochastic integral with 
respect to M. This section gathers several technical results that have been applied in the 
analysis of such questions in the preceding Section [2j 

The first statement in the next lemma provides a measure of the discrepancy between 
the processes X(t,x) and X(t,t n ,x) defined in (|2.3p . (|2.7p . respectively. 

Lemma 4.1. Suppose that Hypothesis (B) is satisfied. Then for any p £ [1, oo) and every 
integer n > 1, 

sup \\X(t, x) - X(t, t n ,x)\\ p < C2- n( - 3 ~®/ 2 , 



(t,x)e[0,T]xM 3 



and 



sup sup 

n>l (t,x)e{0,T\xl 



\X(t,t n ,x)\\ p <C <oo, 

where C is a positive constant not depending on n. 

Proof. Fix p € [2, oo[. From equations (j2.3|) . (|2.7p . we obtain 

\\X(t,x) - X(t,t n ,x)\\P < C (V^x) + V 2 (t,x) + V 3 (t,x)) , 



(4.1) 
(4.2) 



where 



V!(t,x):-- 



f f G(t-s,x-y)(A + B)(X(s,y))M(ds,dy) 

Jtn « 3 



V 2 (t,x):=\\G(t-;x-*)D(X(;*))l [tnit] (-),h} nt \ 



V 3 (t,x):-- 



G(t-s,-)*b(X(s,-))(x)ds 



Applying first Burholder's and then Holder's inequalities, we obtain 

t p 

Vx(t,x) <c( [ ds [ n(d£)\FG(t - s)(0\ 2 

\Jt n JR 3 



sup E(\(A + B){X(t,x))\ p ) 

(t,x)e[0,T]xR 3 



- / 
<C[ I ds i Li(d£)\TG(t - s)(£)\ 2 j ( 1+ sup E(\X(t,x)) 

't„ JR S J \ (4,a;)e[0,T]xR 3 
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Applying the inequality (|2.6ip along with (|5.3p . imply 

Vx(t,x) <C2~ np ^ 3 ~> 3 ^ 2 . 

For the study of V%, we apply first Cauchy-Schwarz inequality and then Holder's in- 
equality. We obtain 



p/2 



V 2 {t,x) < ||M[ M (-)II?1 2 e(j^ ds\\G(t-s,x-*)D(X(s,*))l [tn)t] (s)\\ 2 n 

Hence, similarly as for V\ we have 

V 2 {t,x) <C2~ np ( 3 -W 2 . 
By applying Holder's inequality, we get 

V 3 (t,x) <( I ds f G(t-s,x- dy)) I ds I G(t-s,x- dy)E(\b(X(s,y))\ p ) 

\Jtn J^ 3 J Jtn JVP 

<c( I ds [ G(t-s,x-dy)) (1+ sup E(\X(s,y)\ p ) ) 
\Jt n JR 3 J \ (t,x)e[0,T]xM 3 J 

< C2~ 2np . 

The condition /3 e]0,2[ implies 2~ 2np < 2~ n P( 3 -' 3 )/ 2 . Thus from the estimates on Vi(t,x), 
i = 1, 2, 3 (which hold uniformly on (t, x) G [0, T] x R 3 ) we obtain (|4.ip . 

Finally, (|4.2|) is a consequence of the triangular inequality, (|4.1|) and (|5.3|) . 

□ 

The next result states an analogue of Lemma 14.11 for the stochastic processes X n , X~ 
defined in (|2.4p . (|2.5|) . respectively, this time including a localization by L n . 



Lemma 4.2. We assume Hypothesis (B). Then for any p E [2, 00) and t G [0, T], 
sup E(|X n ( S ,y)-X-( S ,y)|n Ln(s) ) 

(3,y)6[0,t]xR3 



1+ sup E(\X n (s,y)\n Ln{s) ) 

(a,y)6[0,t]xR3 



< c n P2- n P( 3 -^)/ 2 

Proof. Fix p£ [2, 00 [ and consider the decomposition 

4 



(4.3) 



(4.4) 



j=l 



where 



r n i(t,x) = E 



G(t -s,x- y)A(X n (s, y))M(ds, dy) 



1 



L n {t) I ) 



r ni2 (t,x)=E(|(G(i--,x-*) J B(X n (.,*))l [tri , t] (.),^) % ri Ln(4) ) 



37 



T n;3 (t, x) = E (| (G(t - -, x - *)D(X n (-, *))l [tn>t] (•), h) Ht \ p l Ln{t) ) , 



T n Ut,x)=E 



G(t-s,-)*b(X n (s,-))(x)ds 



1 



L n (t) 



By the same arguments used for the analysis of Vi(t,x) in the preceding lemma, we 
obtain 



T nl (t,x) < C2- np ( 3 -^/ 2 x 



1+ sup E(\X n (s,y)\Pl Ln(s) ) 

(s,y)£[0,t]xR 3 



(4.5) 



For T n ^{t,x), we first use Cauchy-Schwarz' inequality to obtain 
r„, 2 (t,x)<E(|||u; n l [w] l^^ 

Appealing to (]2.13p . this yields 

/ r t P/2\ 

T nt2 (t,x)<CnPEl J ds\\G(t-s,x-*)B(X n (s,*))(s)l Ln{s) \\ 2 n . 

We can now proceed as for the term l^((t, x) in the proof of Lemma 14. 11 We obtain 



T nj2 (t,x) <CnP2- n ^-^l 2 



1+ sup E(\X n (s,y)\ p l Ln{s) ) 
(s,j/)e[o,t]xR 3 



(4.6) 



The difference between the terms T n $(t,x) and T nj 2(i, x) is that w 11 in the latter is 
replaced by h in the former. Hence, following similar arguments as for the study oiT n ^{t, x), 
and using that ||/tl[ in ,t]li„(t)||« T < oo, we prove 



T n , 3 (t,x) <C2- np ^-^ 2 x 



1+ sup E(\X n (s,y)\ p l Ln(s) ) 

(s,y)e[0,t]xR 3 



(4.7) 



Finally, we notice the similitude between T n ^(t,x) and Vs(t, x) in Lemma I47T1 Proceed- 
ing as for the study of this term, we obtain 



T nA (t,x) <C ( ds G(t-s,x-dy) 
\Jt„ Jr 3 

< C2- np ^-^ /2 
From (|Q|) - (|HJj) we obtain (fO]> . 



1+ sup E(\X n (s,y)\ p l Ln{s) ) 

(s,j/)e[0,t]xR 3 



1+ sup E(\X n (s,y)\ p l Ln{s) ) 

(s,f/)G[0,i]xM 3 



(U 



D 



Lemma 4.3. VKe assume Hypothesis (B). Then, for any p G [1, oo), there exists a finite 
constant C such that 



Moreover, 



sup sup E[(\X n (t,x)\ p + \X-(t,x)\P)l Ln{t) }<C. 

n>l (t,i)e[0,T]xR 3 



sup \\(X n (t,x) - X-(t,x))l Ln(t) \\ p < Cn2-^ 3 -^ 2 . 

(i,z)e[0,T]xR 3 



(4.9) 
(4.10) 
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Proof. For < r < t, define 



X n (t,r;x)= / G(t-s,x-y)A{X n {s,y))M{ds,dy) 
Jo Jm. 3 

+ ( G (i - -,x - *)5(X n (-,*))l [0ir] (.),^ n ) % 

+ ( G (t --,x- *)D(X n (-, *))1 M (•), h) Ht + r G(t - a, ■) * b(X n (s, -))(x)ds. 

Jo 

Fix p£ [2, oof and consider the decomposition 



E(\X n (t,r;x)\n Ln{t) ) < C^T n>i (t,r;x) 



«=i 



where 



T n ,i(t,r;a;)=E 



JR 3 



G(t -s,x- y)A(X n {s, y))M(ds, dy) 



l L n (t) 



T nt2 (t,r;x) =E(\{G(t - -,x - *)B(X~(;*))l [0tr] (-),w n ) Ht \ p l Ln (t)) ^ 
r n , 3 (t,r;x)=E(|(G(i--,x-*)[i?(X n (.,*))-i?(X-(.,*))]l [0ir] (.),«; n } % ri Ln ( t )) 
T n , 4 (t, r; x) = E (j (G(t -;X- *)D(X n (; *))l [0)r] (•), fc> % | P l Ln(i) ) , 



T n fc 5 (i,r;x)=E 



G(t-s,-)*6(^n(s,-))(^)ds 



L Ln(t) 



Similarly as for the term V\_(t,x) in Lemma 14. 11 we have 



<C[ ^ds j ix(di)\TG{t - s)(0\ 



E--1 
2 



x I ds 

Jo 

IT 

<C ds 

Jo 



1+ sup E(\X n (s,y)\ p l Ln[s) ) 

(s,t/)e[o,s]xi 3 

1+ sup E(\X n (s,y)\ p l Ln{§) ) 

(s,j)G[0,s]xl 3 



^dO\TG(t-s)(0\ 2 
(4.11 



Let r n and n n be as in the proof of Lemma 12.81 (see (|2.30p and the successive lines). 
Since X~(s,y) is J 7 Sn -measurable, the definition of w n implies 



T n o(t,r;x) 



E 



(7T n o Tn ) [G(t- -,x -*)B(X~ (-,*))] (s,y)l Ln{t) l m (-)M(ds,dy) 



Then, applying Burkholder's inequality, using the boundedness of the operator n n OT n , and 
similar arguments as for the term T Uj i(t, r;x) we obtain 



rr 

T n)2 (t,r;x) <C ds 
Jo 



1+ sup E(\X-(s,y)\ p l Ln{s) ) 

(S,y)e[0,s]xR 3 



(4.12) 
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To study T n ^(t,r;x), we apply Cauchy-Schwarz and then Holder's inequality. This 
yields 



T n3 (t,r;x) 



< E 



l^l^li^ll^llG'^--^-*)^^)-^^-)]^*)!^^-)!^^)!!^ 



p/2 



<Cti p T p/2 e( i da\\G(t-a,x-*) [B(X n ) - B(X~)] (s, *)l [0 , r] (s)l 



L n(s)\\y. 



p/2 



<Cn p 2 np / 2 ( ds fiidOlFGit-s^iO 



£-1 

2 x 



x / ds sup E(|X n (s,y)-X n "(s,n)| p l Ln( 5)) (7 //(^)I^G(t 

JO (s,y)e[0,slxR 3 \JR 3 



s)\ 2 (t) 



where we have used (|2.12|) and the Lipschitz continuity of the function B. By applying 
!~3lh we obtain 



^, 3 (t,r;x)<C7n 2 P2-^ 3 -«/2-i/2] f ds 



1+ sup E(\X n (s,y)\ p l Ln{s) ) 

(«,2/)G[0,s]xR 3 



<C ds 

Jo 



1+ sup E(\X n (s,y)\ p l Ln(s) ) 

(i,y)£[0,s]xR 3 



where in the last inequality we have used that sup n |n 2p 2 _np [' 3_ ^'' 2_1 ' 2 l} < oo. 

We now consider T n ^(t,r;x). With similar arguments as those used in the analysis of 
T n s(t,x) in Lemma 14.21 we prove 



T n ^(t,r; x) < C ds 
Jo 



1+ sup E(\X n (s,y)\ p l Ln{s) ) 

(s,y)e[0,s]xR 3 



(4.13) 



Finally, we notice that T n $(t,r\x) is very similar to T n ^(t,x) in Lemma 14.21 With similar 
arguments as those used in the analysis of this term, we have 



T n ^(t,r;x) <C ds 
Jo 



1+ sup E(\X n (s,y)\ p l Ln(s) ) 

(s,f/)€[0,s]xR 3 



(4.14) 



Bringing together (OT|) . (l4TT2l - (l4TT4l yields 
E(\X n (t,r;x)\n Ln{t) )<c\l+ f sup E {{\X n (s, y)\ p + \X-(s,y)\ p } l Ln(s) ) ds\ . 

[ JO (s,j/)e[0,s]xR 3 



(4.15) 



Notice that X n (t,t;x) = X n (t,x). Hence, for r := t, (|4,15p tells us 
E(\X n (t,x)\n Ln{t) )<c\l+ f sup E{{\X n (s,y)\ p + \X-(s,y)\ p }l Ln{s) )ds\. 

{ JO (s,j/)6[0,s]xl 3 J 



(4.16) 
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Next, take r := t n and remember that X n (t,t n ;x) = X n (t,x). From (|4.15p . and since 



t n < t, we obtain 



E(X-(t,x)\n Ln{t) )<c\l+ f sup E({\X n (s,y)\P +\X-(s,y)\ p }l Ln(s) ) dsl 

{ JO (s,i/)G[0,s]xR3 J 

(4.17) 
Fort G [0,T], set 

<p n (t) = sup E [(|X n ( S ,y)r + |X-( S ,y)r)l Ln(s) ] . 

(s,j/)G[0,4]xR 3 

The inequalities (|4.16|) . (|4.17p imply ip n (t) < C < 1 + J ip n (s)ds > . By Gronwall's lemma, 
this implies (|4.9p . Finally, the inequality (I4.10p is a consequence of (J4.3J) and (J4.9J) 

D 

5 Appendix 

We start this section with a theorem on existence and uniqueness of solution to a class 
of equations which in particular applies to (|2.4p and therefore, also to f|2.3[) and (|1.5|) . 
For related results, we refer the reader to [TJ Theorem 13], [101 Theorem 4.3], and [T8j 
Proposition 4.0.4]. In comparison with these references, here we state the theorem in spatial 
dimension d = 3, and we assume that G is the fundamental solution of the wave equation 
in dimension three. 

Theorem 5.1. Let G denote the fundamental solution to the wave equation in dimension 
three. Let H = {Ht,t G [0,T]} be an H-valued predictable stochastic process such that 
sup w ||i7(u;)||% T < oo. Consider the stochastic evolution equation defined by 

Z(t,x)= J I G(t-s,x-y)a(Z(s,y))M(ds,dy) 
Jo Jm 3 

+ ( G(t _ ., x _ *) g ( Z {; *)),H) Ut + I [G(t -s,-)* b(Z(s, -))](x). (5.1) 

Jo 

We assume that the functions a, g, b : M — > M are Lipschitz continuous. Then, there exists 
a unique real-valued adapted stochastic process Z = {Z(t,x), (t,x) G [0, T] x M 3 } satisfying 
(|5.ip . a.s., for all (t,x) G [0,T] x M 3 . Moreover, the process Z is continuous in L? and 
satisfies 

sup E(|Z(t,x)| p ) <(7<oo, 

(i,x)6[0,T]xM 3 

for any p G [l,oo[, where the constant C depends among others on \\H\\-}i T . 
The process Z is termed a random field solution to (|5.ip . 



Sketch of the Proof. We consider the Picard iteration scheme 
Z°(t,x) = 0, 



Z^ k+1 \t,x) = J J G(t-s,x-y)a(Z^(s,y))M(ds,dy) 
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+ (G(t --,x- *)g(Z^((-, *)),H) Ht + f[G{t -8,-)* b(zW((s, ■))](*), 

Jo 

k > 0, and fix p G [2, oo[. First, we prove by induction on k > that 

sup K(\Z k (t,x)\ p ) <C<oo, (5.2) 

with a constant C independent of k. Secondly, we prove that 

sup E (|z( fc+1 )(t,x) - Z^(t,x)\ p ) < (7(1 + ||#|& T ) 

t . 

ds sup E ( |Z (fc) (s, y) - Z (fc ~ 1} (s, y) |* 

With this, we conclude that the sequence of processes {Z^ k '(t, x), (i,x) € [0, T] x ]R 3 }, fc > 
converges in L P (U) as k — > oo, uniformly in (t,x) G [0, T] x R 3 . The limit is a random field 
that satisfies the properties of the statement. We refer the reader to [7], [ID], [H]). □ 

In comparison with the equation considered in [101 Theorem 4.3], (|5.ip has null initial 
conditions, but the extra term (G(t — -,x — *)g(Z(-, *)),H)^ T . 

Notice that Theorem 15.11 can be applied to (|1.5p . (|2.3|) and (|2.4p . Therefore, we have 

sup E(\X(t,x)\ p ) <C <oo, (5.3) 

(i,x)G[0,T]xR 3 

Remark 5.2. Set Z( z '(s, x) = Z(s,x + z), z £ M 3 . ^4s has been discussed in J?|/, the finite 
dimensional distributions of the process {Z^ z \s,x), (s,x) E [0, T] x IR 3 } do no£ depend on z. 
This is a consequence from the fact that the martingale measure M has a spatial stationary 
covariance, and that the initial condition of the SPDE vanishes. 

At several points, we have applied the following version of GronwalPs lemma whose 
proof can be found in [3] Theorem 4.9]. 

Lemma 5.3. Let u, b and k be nonnegative continuous functions in J = [a, fj\. Let p > 0, 
p ^ 1 and a > be constants. Suppose that 

u(t)<a+ b(s)u(s)ds+ k(s)u p (s)ds, t G J. 

J a J a 



Then 

i 

<7 



,/3 
u(t) < exp ( / b(s)ds 



■a 

a q + q I k(s) exp ( — q I b{r)dT ) ds 



(5.4) 

for t G [a, Pi), where q = 1 — p and (3\ is choosen so that the expression beween [. . .] is 
positive in the subinterval [a,/?i) (Pi = (3 if q > 0). 

In the proof of Theorem 12.2^ we have used the Lemma below. For its proof we refer the 
reader to Lemma A. 2 in [17] . with a trivial change on the spacial dimension {d = 3 in [17j . 
while d = 4 in Lemma l5.4p . 
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Lemma 5.4. Fix [to,T] with to > and a compact set K C M 3 . Let {Y n (t,x),(t,x) G 
[to,T] x K, n > 1} be a sequence of processes and {B n (t),t G [£o,T]} C T be a sequence 
of adapted events which, for every n, decreses in t. Assume that for every p g]1,oo[ the 
following conditions hold: 

(PI) There exists 5 > and C > such that, for any to<t<t<T,x,x£ K , 



x — x 



\ 1+5 



supE (\Y n (t,x) - Y n (i,x)\n Bn& ) <C(\t- i\ + 

n 

(P2) For every (t,x) € [t ,T] x K, 

limE(\Y n (t,x)\n Bn(t) )=0. 

Then, for any r] G]0, 5/p[ and any r G \\,p\, 

iimE(||y n ||; io ^i Bn(T) ) = o. 
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